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1. Solvability of the LP
Poisson—Dirichlet problem

Solvability of LP Poisson—Robin(-Reqularity) Problems on Rough Domain



LP Dirichlet Problem/ (1)

—

» Letn> 2, Q c R" be a bounded one-sided chord-arc
domain (CAD), L := —div(AV-) with A satisfying uniform
elliptic condition.

—

# chord-arc domain (CAD): (interior and exterior)
corkscrew conditions (CS) + Harnack chain condition
(HC) + 0Q i1s (n— 1)-Ahlfors regular (AR)

# one-sided CAD: interior corkscrew condition +
Harnack chain condition (HC) + 9Q is (n — 1)-Ahlfors
regular (AR)
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LP Dirichlet Problem/ (2)

-

» Let p € (1, 0). The Dirichlet problem (Dy) is said to be
solvable if 4! u satisfies

(—div(AVU) =0 inQ
u=geLP(0Q) onoQ
(N(u) € LP(0Q)

(Dp)

A\

and [IN(U)llLrae) < 19llLeiaa)-
e The non-tangential maximal function of u:

1/2
N(U)(&) .= sup (f u(2)[? dz) for £ € 0QY,
xey(€) \JB(x.36(X)

\_7’(5) ={XeQ:|x—¢ < 2(X)}. J
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LP Dirichlet Problem/ (3)

—

® If L=-Aand Q C' domain, then (D) is solvable for
Y pe (1, o]
[Fabes, Jodeit & Riviere, Acta Math. (1978)]

® If L =-Aand Q Lipschitz domain, then (D}) is solvable
for pe (2 - ¢, ]
[Dahlberg, ARMA (1977); Verchota, J. Funct. Anal.
(1984)]

» If L =-Aand Q CAD, then (Dj) is solvable for

P € (Po, o] with pg € (1, o)
[David & Jerison, Indiana Univ. Math. J. (1990);
Semmes, Trans. Amer. Math. Soc. (1989)]

\_> (Dp) solvable & w* € RH (0Q2) (harmonic measure) J
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LP Dirichlet Problem/ (4)

| N

® L :=—div(AV:) with A smooth, Q Lipschitz domain, (Dj)
solvable for p € (2 — &, 0]
[Jerison & Kenig, Ann. Math. (1981)]

o |f L :=-div(AV.) with A satisfying DKP condition, Q
satisfles CS + AR + IBPCAD
(IBPCAD:': interior big pieces of chord-arc domains)

= A p>1 st (D}) is solvable (see [AHMMT20])

# Particularly, if Q satisfies CS + AR + IBPCAD, then
1p>1s.t. (D) is solvable

® [AHMMT20] J. Azzam, S. Hofmann, J. M. Martell, M. Mourgoglou & X. Tolsa, Harmonic

measure and quantitative connectivity: geometric characterization of the LP-solvability of the

‘ Dirichlet problem, Invent. Math. 222 (2020), 881-993. \
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LP Poisson—Dirichlet(-Regularity) Problem/ (1)

|i> Mourgoglou et al. [MPT25] introduced the solvability of the LP _‘
Poisson-Dirichlet(-Regularity) problem

—div(AVU) = h—divF InQ
u=20 on 0Q)

\

® Poisson-Dirichlet problem (PDFL),) IS solvable if
||K/(U)||Lp’(ag) < ||5(52h)|||_p’(agz) + ||5(5F)||Lp’(agz)-

® Poisson-Dirichlet-Regularity problem (PDRIL)) IS solvable if
IN(VWllea) < ICEN)lILe@ay + ICF)lILr@ny-

» The Carleson functional: for & € 9Q,

1/2

dy

~ 1
c(h)(é) := — f ( f hi2 d )
L W ngoprn_l B(£.r)nQ B(y,%a(y))| hez o(y) \
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LP Poisson—Dirichlet(-Regularity) Problem/ (2)

i

equivalent.

-

Mourgoglou et al. [MPT25] proved the following assertions are

® (D})is solvable & (PD;) is solvable < (PDR;) is solvable

» Key tool: Duality between N and C [Hyténen & Rosén, Ark. Math.
(2013)]

® |[, uhdx < IN(UIlreo)ICEN)ILy ooy

f uh dx‘
Q

® [MPT25] M. Mourgoglou, B. Poggi & X. Tolsa, Solvability of the Poisson—Dirichlet problem

® [INWllr@ey S Sup
h:lIC(sh)

LP (90) = 2

with interior data in LP -carleson spaces and its applications to the LP-regularity problem, J.
Eur. Math. Soc. (JEMS) (2025), doi: 10.4171/JEMS/1660.
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LP Poisson—-Dirichlet(-Regularity) Problem/ (3)

ﬁ» Initial motivation & application of Mourgoglou et al. [MPT25]. Clarify —‘
the relationship between (D, ) and (Re;) (A question raised by Kenig
[CBMS Regional Conference Series in Mathematics 83, 1994]).

» The regularity problem (Reb) IS solvable if 4! u satisfies

(Reb) 4

(
—div(AVU) =0 InQ

u=g on 0Q

\

and
IN(VWlleaey < 9lhinea)s
where [iglhive(ae) = It [ITllLpae) and

D(9) = {19(x) — 9y < Ix=yI(f(x) + f(y)) for o-a.e. x,y € 9Q} (MT24]).
® [MT24] M. Mourgoglou and X. Tolsa, The regularity problem for the Laplace equation in

‘ rough domains, Duke Math. J. 173 (2024), 1731-1837. \

Solvability of LP Poisson—Robin(-Reqularity) Problems on Rough Domainskog4



LP Poisson—-Dirichlet(-Regularity) Problem/ (4)

| N

® Q Lipschitz domain, ¥ p € (1, ), (D;*)=(Re,") [Verchota, J.
Funct. Anal. (1984)]

#® Q Lipschitz domain, ¥ p € (1, «), (Re;)=(Dy,) [Kenig & Pipher,
Invent. Math. (1993)]

® QCAD,VYpe (1,), (Re;)=(D},) [Mourgoglou & Tolsa, Duke
Math. J. (2024)]

® QCAD,Vpe (L), (D;)=(Re,") [Mourgoglou & Tolsa, Duke
Math. J. (2024)]

® QO CAD, L satisfies DKP condition (sharp), ¥ p € (1, ),
(Dy)e(Re; ) [Mourgoglou, Poggi & Tolsa, J. Eur. Math. Soc.
(2025)]
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2. Solvability of the LP
Poisson—Neumann problem
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LP Neumann Problem/ (1)

-

» Let p € (1, ). The Neumann problem (N) is said to be
solvable if 3! u up to constants satisfies

(—div(AVU) = 0 in Q
AVu-v=ge LP(0Q2) on oQ
N (Vu) € LP(6Q)

(Np)

A\

and B
IN(VU)llLrae) < 1l9llLeaq)-

L |
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LP Neumann Problem/ (2)

If L = —A, Q C* domain, then (Nj) is solvable for p € (1, )
[Fabes, Jodeit & Riviére, Acta Math. (1978)]

If L = —A, Q Lipschitz domain, then (N5) is solvable for
pe (L 2+ ¢) [Jerison & Kenig, Bull. Amer. Math. Soc. (1981),
p = 2; Dahlberg & Kenig, Ann. Math. (1987), p€ (1,2 + &)]

If L =—A, Q (semi-)convex domain, then (Nb) IS solvable for
p € (1, o) [Geng & Shen, J. Funct. Anal. (2010); Y., Nonlinear
Anal. (2016)]

If L=-A, QCAD,n=2, (D;}) © (R&") & (N,*) [Jerison &
Kenig, Math. Scand. (1982)]
If Q CAD, n> 3, even when L = —A, the solvabillity of (Nb) IS open

[Kenig, CBMS Regional Conference Series in Mathematics 83,
1994, Problem 3.2.2]

Solvability of LP Poisson—Robin(-Reqularity) Problems on Rough Domainslk424

-

|



LP Neumann Problem/ (3)

—

» The isolation of the LP Neumann problem:
When n > 3, there are counterexamples for

® (Dy)=(Np), (NG)=(Dy), (Rer)=(Np), (Np)=(Re)
(see [KP95])

» Extrapolation result: Q starlike Lipschitz domain (see
[KP93])

(Re;) + (N5) = (Ng) forge (1, p+e)

® [KP95] C. E. Kenig & J. Pipher, The Neumann problem for elliptic equations with

nonsmooth coefficients. Il, Duke Math. J. 81 (1995), 227-250 (1996).

® [KP93] C. E. Kenig and J. Pipher, The Neumann problem for elliptic equations
\_with nonsmooth coefficients, Invent. Math. 113(1993), 447-5009. J
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LP Poisson—Neumann(-Regularity) Problem/ (1)

ﬁ» Feneull & Li [arXiv: 2406.16735] introduced the solvability—‘
of the LP Poisson—Neumann(-Regularity) problem

—div(AVU) = h—-divF In Q
AVU-v=F -v on 0<2

# Leth=0. Poisson-Neumann problem (PN;) is
solvable if |, udx = 0and

”N(U)HLD’(GQ) < ICGF)lILy aey

# Poisson—Neumann-Regularity problem (PNRFL)) IS
solvable if |, udx = 0and

B IN(VWlILeeey < ICEINDIILe@a) + IC(F)lILr@ay N
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LP Poisson—Neumann(-Regularity) Problem/ (2)

f» Feneull & Li [arXiv: 2406.16735] proved: T

» (PN;) < (PNR)

* +(D})
» (PN5) = (PNR) = (N}) = (PNR))
» Application: (Df) + (Np) = (Ng) for g e (1, p+ &)
(the extrapolation property of the solvability of LP
Neumann problem) [improves the extrapolation

theorem obtained by Kenig & Pipher, Invent. Math.
(1993)]
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3. Solvabillity of the LP
Poisson—Robin problem
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LP Robin Problem/ (1)

-

f» Let Q2 be a bounded one-sided CAD, L a uniformly elliptic
operator, 0 < a € L"19(9Q), @ > ¢y on Ey c 69,
€0, Co € (0, ), o(Eg) > 0
» Let p e (1, ). The Robin problem (R}) is said to be
solvable if 4! u satisfies

(—div(AVU) = 0 in Q
(R;) {AVU-v+au=gelLP@Q) ondQ
N (Vu) € LP(0Q)

and B
IN(VU)llLea) < 19lLeaq)-

| |
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LP Robin Problem/ (2)

-

If L = —A, Q Lipschitz domain, (R}) is solvable for
pe(l,2+¢)

[Lanzani & Shen, Comm. Partial Differential Equations
(2004)]

If L = -A, Q@ C* domain, (Rp) is solvable for p € (1, o)

(when p> n, a € LP(0Q2))
[Lanzani & Shen, Comm. Partial Differential Equations
(2004)]

If L = —A, Q semi-convex domain, (RFL)) IS solvable for

pe (1 )
[Y., Yang & Yuan, J. Differential Equations (2018)]

If @ CAD, even when L = —A, the solvability of (R;) is

open. J
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LP Poisson—Robin(-Regularity) Problem/ (1)

—

» We introduced the solvability of the LP
Poisson—Robin(-Regularity) problem

-

—div(AVU) = h—-divF InQ
AVU-v+aUu=F -v on 0

e Let h= 0. Poisson—Robin problem (PRE,) IS solvable if

INWllr ) < ICEF)IILy oy

¢ Poisson—Robin-Regularity problem (PRFir;) IS solvable if

IN(VWlILeaay < ICESIMDILe@ay + IC(F)ILr@ay

L |

Solvability of LP Poisson—Robin(-Reqularity) Problems on Rough Domains21/24



LP Poisson—Robin(-Regularity) Problem/ (2)

—

» Theorem (Fu, Yang & Y., 2025). Let p € (1, ).

s (PR,) = (PRR)

-

s (PR;) < (PRR;) = (R}) +(i> (PRR))
» Application: (D5) + (R;) = (Ry) forge (1, p+ &)

(the extrapolation property of the solvability of LP Robin
problem)

» Corollary. Let © be a bounded Lipschitz domain, L := —A.
Then (PR,") is solvable for any p € (2 - ¢, «), (PRR;*) for
any pe (1,2 + g).

| |
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LP Poisson—Robin(-Regularity) Problem/ (3)

f» Main ingredients for proofs: —‘
e Duality between N and C

e The trace theorem in Sobolev spaces for one-sided CAD

[ (
—div(AVu) = 0 In Q
]
AVu-v+au="f on oQ.

\ S~
(Rp) IN(VW)lILr@e) S NlfllLe@q)-

RY) IN(YWlle@aay + IN (WlILe@oy < Nl fllLe@ay-

Proposition. (RL) < (RE).
e Meyers type estimate for local homogeneous Robin problem:

\_ ( ﬁm[wm + u]?*® dx) < ( JEKBHQ VUl + |ul dx). J
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Thank you for your attention.
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