Lipschitz== &) & H 8| H ¥ ==

18] it 15 HY) SE 3R FFE 2 i K H
H

IERIBERFHFERFFR 20255127
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» 1978, Garnett and Jones [gj78] 3R " BMO R E|F%
[B]L>°(R")IEESHIE S ZIE, {ERRRAEHT L°(R") £
BMO (R")HHI B ESZIE.

[0j78] J. B. Garnett and P. W. Jones, The distance in BMO to L*°,
Ann. of Math. (2) 108 (1978), 373-393.
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» 1978, Garnett and Jones [gj78] 3R " BMO R E|F%
[B]L>°(R")IEESHIE S ZIE, {ERRRAEHT L°(R") £
BMO (R")HHI B ESZIE.

[0j78] J. B. Garnett and P. W. Jones, The distance in BMO to L*°,
Ann. of Math. (2) 108 (1978), 373-393.

> 3ZBI R Garnett and Jones [gj78] B3I 54
Helson-SzegdE 8. 1980, Jones [j|44 Hcoronajo) B fZ R4 it
1983, Bourgain [b]#ff 53 FIFR iR #Z= (B 74 HP BRI x B2 B F A HER AN
jB) .

[b]J. Bourgain, Embedding L' in L'/H', Trans. Amer. Math. Soc.

278 (1983), 689-702.

[i]P- W. Jones, Estimates for the corona problem, J. Funct. Anal.
39 (1980), 162—-181.
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> [E)E &R # =S (8] T R B B F == B Y BB B 1 (5] R LA K 3ot B =S 8] ]
BHIZIE.
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> [E)E &R # =S (8] T R B B F == B Y BB B 1 (5] R LA K 3ot B =S 8] ]
BHIZIE.

Blochzs 8] dh 2 I =X B FF B [a) R K E 2 A, BlochZs (8] Eif & o) &3,
BlocheR 1 E = o]/

» J. M. Anderson, J. Clunie and C. Pommerenke, On Bloch
functions and normal functions, J. Reine Angew. Math. 270
(1974), 12-37.
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it 78 R B A BMOZS 8] 9 A B2 o) i K2 .

» D. Sarason, Functions of vanishing mean oscillation, Trans.
Amer. Math. Soc. 207 (1975), 391—-405.

» F. Chiarenza, M. Frasca and P. Longo, W?P-solvability of the
Dirichlet problem for nondivergence elliptic equations with VMO
coefficients, Trans. Amer. Math. Soc. 336 (1993), 841-853.

» Z. Shen, Bounds of Riesz transforms on LP spaces for second
order elliptic operators, Ann. Inst. Fourier (Grenoble) 55 (2005),
173-197.
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»LipschitzZz=[g]: all measurable functions f on R” for which there
exists a continuous function g on R” such that f(x) = g(x) almost
everywhere on R"” and

1D (g)(x)]
Flaseny == IfllLoo(@ny + SUPp  sup —I— 22" < oo,
IFllnsqeny = Fllioe (o) XERN heRM\ {0} [hl®

where s € (0, ), | s] denotes the largest integer not greater than
s, 0 is the origin of R", and, for any r € N, D} denotes the r-th
order difference operator with step h € R" given by

Dy(f) := f(- + h) — f and D" := D}(Dp).
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»LipschitzZz=[g]: all measurable functions f on R” for which there
exists a continuous function g on R” such that f(x) = g(x) almost
everywhere on R"” and

DLSJ+1 X
[FllAs(mny == [Ifll Loo(mny + SUP  SUP M

< 00
X€RM heRM {0} |hl® 7

where s € (0, ), | s] denotes the largest integer not greater than
s, 0 is the origin of R", and, for any r € N, D} denotes the r-th
order difference operator with step h € R" given by

Dy(f) := f(- + h) — f and D" := D}(Dp).

EXFRENSTEERZERNREKLBUNEHER, 2K KHRT
REHHERIMEEER, ABERALKETENRRETHNR
IR TR ERY.
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»[0);#: #237 LipschitzZS (8] iR ¥ 21 B F =5 (8] 3E 2 A9 SC T 4FEH 48 X
Lk 7 73 8] #£ Lipschitz ZS [8] o ] B B9 SEET4F4E.
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»[0);#: #237 LipschitzZS (8] iR ¥ 21 B F =5 (8] 3E 2 A9 SC T 4FEH 48 X
Lk 7 73 8] #£ Lipschitz ZS [8] o ] B B9 SEET4F4E.

» {5120: Sobolev Z58], Besov Z3|a], Triebel-LizorkinZs|8]?
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»[0);#: #237 LipschitzZS (8] iR ¥ 21 B F =5 (8] 3E 2 A9 SC T 4FEH 48 X
Lk 7 7= 8] 7£ Lipschitz 2= [8) 7 (7] B B SE R 4FAE.

» {5120: Sobolev Z58], Besov Z3|a], Triebel-LizorkinZs|8]?

» At ik LipschitzZS 8] 5 Fr B IE R Seia 16 4R, KZH (8]
7ELipschitzZs 8] A A F 2.
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» % FLipschitzZ= 8] #9455 Nicolau #1 Soler i Gibert [ns]BZE 4 %
& dist (f, i(BMO )(R))p, M THAIBBRZENS € M(R).

RREXERHFERERT14

» /1( BMO )(R), consisting of all continuous functions with
distributional derivatives in BMO (R), in terms of the second-order
differences. Recall that /;( BMO )(R") is also known to be the
image of BMO (R") under the first-order Riesz potential /.

[ns]A. Nicolau and O. Soler i Gibert , Approximation in the
Zygmund class, J. Lond. Math. Soc. (2) 101 (2020), 226—246.
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» Saksman #0 Soler i Gibert [ss]FZE 5 %I
dist (f, FS o(R"))p,any 8 € (0,1], F € Ag(R").

BUERIET 2 T ndE, IR AR E T /VKRAY.

[ss]E. Saksman and O. Soler i Gibert, Approximation in the
Zygmund and Hoélder classes on R”, Canad. J. Math. 74 (2022),
1745-1770.

» iR AR X TFET A EIERRS € (0,00), 48
i LipschitzZ=S Bl B T 2 2 A5 /VE R E R F B = BB B RSt
FHEZE F 45 B R A A B A L R
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FELER K

» CI(R™), the set of all r times continuously differentiable
real-valued functions on R with compact support.

»Forany v :=(v1,...,7n) € Z7 and x := (xy,...,Xp) € R", let
XV = X" X
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FELER K

» CI(R™), the set of all r times continuously differentiable
real-valued functions on R with compact support.

»Forany v :=(v1,...,7n) € Z7 and x := (xy,...,Xp) € R", let
XV = X" X

» For any integer L > 1, there exist functions ¢, ¢, € CL(R") with
te{1,...,2" =1} = N such that, for any v € Z7 with || < L,

/ Ye(X)X7dx =0, VleN
R
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FELER K

» CI(R™), the set of all r times continuously differentiable
real-valued functions on R with compact support.

»Forany v :=(v1,...,7n) € Z7 and x := (xy,...,Xp) € R", let
XV = X" X

» For any integer L > 1, there exist functions ¢, ¢, € CL(R") with
te{1,...,2" =1} = N such that, for any v € Z7 with || < L,

/ Ye(x)x7dx =0, Vle N
R
and the union of
S = {pk(x):=p(x—k): keZ"} (1)
and
Wi {wrju(x) = 272 (2x — K): LEN, jeZy, keZ')

forms an orthonormal basis of L?(R"). The system ¢ U V is called
the Daubechies wavelet system of regularity L on R".
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FEER RS ZHGH

»Let D be the class of all dyadic cubes

lik:={x€eR": 2Ix — k € [0,1)"} with j € Z, and k € Z"

» D, denote the class of all dyadic cubes in D with edge lengths
27 withj e Z,.
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FEER RS ZHGH

»Let D be the class of all dyadic cubes

lik:={x€eR": 2Ix — k € [0,1)"} with j € Z, and k € Z"

» D, denote the class of all dyadic cubes in D with edge lengths
27 withj e Z,.

> Let Q := Qg U Qq, where Qy := {0} x Dy and Q4 := N x D.

» Forany w = (0, /) € Qg with /| = k 4+ [0, 1]" € Dy, let

(X)) == p(x — k), (2)

while, for any w = (£, L) € Q4 with £, € N and
L, =27/(k +[0,1]") € D}, let

Yoo (X) := 22y, (20x — k). (3)
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FEER RS ZHGH

»Let D be the class of all dyadic cubes

lik:={x€eR": 2Ix — k € [0,1)"} with j € Z, and k € Z"

» D, denote the class of all dyadic cubes in D with edge lengths
27 withj e Z,.

> Let Q := Qg U Qq, where Qy := {0} x Dy and Q4 := N x D.

» Forany w = (0, /) € Qg with /| = k 4+ [0, 1]" € Dy, let

(X)) == p(x — k), (2)

while, for any w = (£, L) € Q4 with £, € N and
L, =27/(k +[0,1]") € D}, let

Yoo (X) := 22y, (20x — k). (3)

»Forany f € Ag(R") and w € Q, let (f, 1) := [rn F(X)1hu(X) dx.
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FEEREIFET )

»Let X be a quasi-normed lattice of function sequences. Assume
that s € (0, 0). The Daubechies s-Lipschitz X-based space
A% (R™) is defined to be the set of all functions f € Ag(R") such that

[l Ag () == D A [CRTWIR VS < oo0.

UJEQ,L}E'DJ' ez X
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FEEREIFET )

»Let X be a quasi-normed lattice of function sequences. Assume
that s € (0, 0). The Daubechies s-Lipschitz X-based space
A% (R™) is defined to be the set of all functions f € Ag(R") such that

f/\f((R”):{ > /ws/””z(f,ww)hw} < 0.

UJEQ,L}E'DJ' jez., X

» : M(R"), the set of all measurable functions f : R” — RU {+o0}
that are finite almost everywhere on R”".
» Mz, (R") the set of all sequences {f;}cz. of functions in M(R").
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FEER RFHETIE]

»Let X be a quasi-normed lattice of function sequences. Assume
that s € (0, 0). The Daubechies s-Lipschitz X-based space
A% (R™) is defined to be the set of all functions f € Ag(R") such that

f/\f((R”):{ > /ws/””z(f,ww)hw} < 0.

UJEQ,L}E'DJ' jez., X

» : M(R"), the set of all measurable functions f : R” — RU {+o0}
that are finite almost everywhere on R”".

» Mz, (R") the set of all sequences {f;}cz. of functions in M(R").
> - llx - Mz, (R") — [0, oc]

> XPHBNTRHR2—INERY, DRERZHSGE, v, =2IEFFTR
HINK RS
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FEER RFHETIE]

»Let q,p € (0,00]. The space I9(LP)z. (R") is defined to be the
setof all F:= {f;};cz. € Mz, (R") such that

1

||FHI<7(LP)Z+(R”) = [Z MZP(R")] < 00,

JEL+

where the usual modification is made when g = cc.
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FEER RFHETIE]

»Let q,p e (0,00]. LP(19)7, (R"), the set of all
F:= {f}jcz, € Mz, (R") such that

1
IFllp(ra)s, (roy == {Z fq} < o0,

E€Z
€Ly Lo(Rn)

where the usual modification is made when g = .
> Foq(R",Z, ), the setof all F := {f;};cz, € Mz, (R") such that

1

q
/Z\f |qu} < 0,
I

1€Zy ,meZn

HfHFoo,q(R",L) ‘= sup {
Imj /

where the usual modification is made when g = cc.
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FEEREIFET )

> F5 o(R") N As(R") = AL (R™), X := LP(19)z, (R") when p # oo or
with X := F ¢(R",Z) when p = cc.
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» Let s € (0,00). Assume that the regularity parameter L € N of
the Daubechies wavelet system {1, }..cq satisfies that L > s.
Then, for any f € Ag(R"),

dist (f7 A?((Rn))/\s(Rn)

~infqde e (0,00): Z 1 < 00

1e WO(s,f, .
() jez+ 1 x

with positive equivalence constants independent of f.

0 —J1eD: f /|75
Wos.f,e)i= {1 e D max (vl hE > e
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> BT NEFHERFHIERZIE, SUZENL T XM EESSIRFHERHR.

> FR/EAFE, FAVERTAF A /NES &L THRHERNK R, H—
BT E A SCIHHIE.

>IN E] T EHHE, FRHHHE, BRTEHHE, S THHE.
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IERRERE

» Lipschitz 2= 8] & 5 B /RS 2/ B R R T B hr i R

Illngeey ~ SUp [(F )] L] /7172
we
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WERA B8

» Lipschitz== 8] &R #H0 /) EHFHIE R /R R BITRSEIBIEIRHY L 7.

11l As(mny ~ sup (F, )| L] 7S/m 172,
> T BN, LipschitzZS (8] &R 5 R B gRIBE S L =X N R 3
ZEN /A

sup ’<f -9, ¢w>|“w|_s/n_1/2
weN
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WERA B8

» Lipschitz== 8] &R #H0 /) EHFHIE R /R R BITRSEIBIEIRHY L 7.

11l As(mny ~ sup (F, )| L] 7S/m 172,
> T BN, LipschitzZS (8] &R 5 R B gRIBE S L =X N R 3
ZEN /A

sup ’<f -9, ¢w>|“w|_s/n_1/2

»Lipschitzzs 8] &K # 2| B F = EIAG (R EE 2.

inf ||f— m~ inf su [, 7S/m1/2,
ge/\i(Rn)” 9llns(rn) gAS(Rn)wepK — 9, %)L
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WERA B8

» Lipschitzzs [8] B B H F =B (R"HIEE .

inf ||f — m~ inf su )| || 78/m172,
ge/\f((R”)H Illasen) gAS(Rn)prK — 9, )|

PIETRUESREE THA U ERRAAREEKEZ
EAS(R™) A A LipSE S TBILFRITTE.

> LSRR HIE, iR R T A7 BESR/ N ERERVE ?

| fllag(rny ~ sup [{f, )] \Iw]—s/”—1/2_
we
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WERRAEE

> VLSRR IEHIE, SRR A7 Bede N ERTSE R ?

[ Fllpg(zny ~ SUP [(F, 4h,)] | L] =S/~ 1/2.
we

> EA— N RBBIpE R EHRAREAER, NRBEER
— R BlipSedy, Ebanf it MipSe M1, BAMELR KT 1HIER
BRYEE. RERT—NRE1, XNipSeHais>1.

BT REAABRANARYIINEBIRERERE.
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WERA B8

[l As(rn) ~ Sup |{f, 1) |/w|—s/n—1/2'

» B REFABRANAYIMNELREREEE.
For any ¢ € (0, c0), let

Gs(f) = Z (f,%Ww

we(e)

HApQ(e) 2B RBATatrsE T

WO(s,f.e):=<21ecD: f I
(s, f,¢) { € we@ﬁ;/l( e~z >5}
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WERA B8

[l As(rn) ~ Sup |{f, 1) |/w|—s/n—1/2'

» B REFABRANAYIMNELREREEE.
For any ¢ € (0, c0), let

Gs(f) = Z (f,%Ww

we(e)

HApQ(e) 2B RBATatrsE T

WO(s,f.e):=<21ecD: f I
(s, f,¢) { € we@ﬁfﬂl( e~z >5}

If = Ge(F)llageny S sup  [(F, ) ||L| =" 2 <.
we\Q(e)
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WERA B8

If = Ge(N)Inugan < <.
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WERA B8

If = Ge(N)Inugan < <.

R MNEZ LR T — MR %, BE RN ERNTUILER
IREATER).
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WERA B8

If = Ge(N)Inugan < <.

HERTERAIEEHKE] T —MBIET A, B XN AN T LLLER
IREATER)N.
> IE TRV EIERE G, (f) IR A B BAR=EAS (R") 5 ?

G:(f) = > (f ),

we(e)

HQ(e) BB R B KR TeaatmE MT:

WO(s,f e):=31eD: f —i2
(s:1.e) = {1e s _max [hup)llid > <]
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WERA B8

»IE TRV EIERE G (f) IR AR BAR=EAS (R") 5 ?
> G (NIEBMMEMERBAR TR, MXERK RGN ZNTFH
TN Fll g (rry, B A FEI N EEFERL B R BB LR BD:

e < L|™72 {Ge(F), )] S |IFllnsem-
GE(f) = Z <fa¢w>ww7

we(e)

HApQ(e) 2B RBATatrE AT

WO(s,f.e):=<21ecD: f -
(s, f,¢) { € wer?fll:(:II< e~z >5}
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WERA B8

> 1 TREY SRR G ()T ZE B A 140 B ARERIEIAS (R7) 2
Fe < |12 [(Go(F), vu)| S [IFllas(rny HELE

€ > S 1G(D)llag @y

1e WO(s,f, .
j(sihe) jezy iy

_ > LG w1,

e, l,e WO (s,f, )
“ j(sihe) jezy iy

S I fllag(rn) Z 1

IeWO(s,f
ewista) ) icn
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WERA B8

> T RMEER G. (1) AR E RN BARZEAS (R") 5 2

£ Z 1 S 1G(F) [ ag
ewdsra ) |
S I fllag(rny Z 1

leWO(s,f
ewista) Jicn

> EZBGC-(F) € N (RHBRE {3 1ewos re) 1ikez. llx < oo
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WERA B8

If = G-(H)l[agmny < &
H*E

Ge(f) € A (RDHBBE {2 1ewo(s ) ez lIx < oo,
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WERA B8

| 2 ||f— GE(f)H/\S(R") S E.
G:(f) € AL (RDFERE {2 jcwos ) 1hjez lIx < oo

»Fitt

dist (f, AX(R")r,czn)

~inf{ e e (0,00): oo <00

1e WO(s,f, )
j(s:he) jezillx
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Let s € (0,00), p € (0,00), and g € (0, a].

dist (f, B;’Q(Rn) n /\S(Rn))/\S(R")

T
Ql=

~infge e (0,00): i[ Z /] < 00

J=0 [1eWO(s,f.¢),l€D;

SKPEPH (ALRIBSER ) LipschitzZ= 8] & 2 5 F = B BB % B



Rz F

Let s € (0,00), p € (0,00), and g € (0, x0].

dist (f, By o(R") N As(R")) A

(RM™)
1
oo q q
~inf{ e e (0,00) : {Z (1(Srj(s, f,é?))]ﬁ} < o0
=0
+ limsup / o(x — K)F(x) dx
keZn, |k|—oo | JR?

»jcZy,

Sr,j(S, f’E) L= {(X,}/) € Ri—H : Arf(X,y) > 5y37 y € (2*/*172*/']}_
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Let s € (0,00) and q € (0, 0.

dist (f, Bgo,q(R”))As(Rn)
~inf{e € (0,00): #{j € Z4 : Wi(s,f,e) # 0} < oo}

dist (f, BS, 4(R")) As(E
~inf{e € (0,00): #{j € Zy : S;j(s,f, ) # 0} < 0}

SKPEPH (ALRIBSER ) LipschitzZ= 8] & 2 5 F = B BB % B



LI

SKPEPH (ALRIBSER ) LipschitzZ= 8] & 2 5 F = B BB % B



