
Lipschitz���mmm¼¼¼êêê���ÙÙÙfff���
mmmååålll���¢¢¢CCCAAA������xxx999ÙÙÙAAA

^̂̂

�®���ÆêÆ�ÆÆ� 2025c12�

ÜÜÜ������ (���®®®���������ÆÆÆ) Lipschitz���mmm¼¼¼êêê���ÙÙÙfff���mmmååålll���xxx 1 / 30



ÄÅ

I 1978, Garnett and Jones [gj78]ïáRn¥BMO¼ê�f�
mL∞(Rn)ål��©�x,��A^�Ñ
 L∞(Rn)3
BMO (Rn)¥4���©�x.

[gj78] J. B. Garnett and P. W. Jones, The distance in BMO to L∞,
Ann. of Math. (2) 108 (1978), 373–393.

I222������AAA^̂̂: Garnett and Jones [gj78]ïáp�
Helson–Szegö½n. 1980, Jones [j]�Ñcorona¯K)��O.
1983, Bourgain [b]ïÄ�È¼ê�m3 H∞�céó�m¥�i\
¯K.

[b]J. Bourgain, Embedding L1 in L1/H1, Trans. Amer. Math. Soc.
278 (1983), 689–702.
[j]P. W. Jones, Estimates for the corona problem, J. Funct. Anal.
39 (1980), 162–181.
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ÄÅ

I¯K¼ê�m���Ùf�m�ål�x¯K±9éÙf�m4
���x.

Bloch�m¥õ�ª�4�¯K9ÙA^, Bloch�mcéó¯K,
Bloch¼ê":¯K

I J. M. Anderson, J. Clunie and C. Pommerenke, On Bloch
functions and normal functions, J. Reine Angew. Math. 270
(1974), 12–37.
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ÄÅ

1w¼ê3BMO�m�4�¯K9A^

I D. Sarason, Functions of vanishing mean oscillation, Trans.
Amer. Math. Soc. 207 (1975), 391–405.
I F. Chiarenza, M. Frasca and P. Longo, W 2,p-solvability of the
Dirichlet problem for nondivergence elliptic equations with VMO
coefficients, Trans. Amer. Math. Soc. 336 (1993), 841–853.
I Z. Shen, Bounds of Riesz transforms on Lp spaces for second
order elliptic operators, Ann. Inst. Fourier (Grenoble) 55 (2005),
173–197.
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ÄÅ

ILipschitz�m: all measurable functions f on Rn for which there
exists a continuous function g on Rn such that f (x) = g(x) almost
everywhere on Rn and

‖f‖Λs(Rn) := ‖f‖L∞(Rn) + sup
x∈Rn

sup
h∈Rn\{0}

|Dbsc+1
h (g)(x)|
|h|s

<∞,

where s ∈ (0,∞), bsc denotes the largest integer not greater than
s, 0 is the origin of Rn, and, for any r ∈ N, Dr

h denotes the r -th
order difference operator with step h ∈ Rn given by

Dh(f ) := f (·+ h)− f and Dr+1
h := Dr

h(Dh).

½Â¥�©�ý�å�^�´Ú�'����ÿ,Ú�'����
ÿ¼ê�k.53å�^,1w5´dÚ�ªu"�¼ê�©�P
~�Ý¤Ny�.
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ÄÅ

I¯K:ïáLipschitz�m¼ê�Ùf�mål�¢CA�¿�Ñù

f�m3Lipschitz�m¥4��¢CA�.

I~X: Sobolev�m, Besov�m, Triebel–Lizorkin�m?

I��oÀJLipschitz�m:ºX¤k��1w5�I,�õê�m
3Lipschitz�m¥ØÈ�.
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ÄÅ

I'uLipschitz�m�(J: NicolauÚ Soler i Gibert [ns]^�©�
x dist (f , I1( BMO )(R))Λ1(R)éu¤kk;|8�f ∈ Λ1(R).

ù�©Ù¥��{�·^u1�

I I1( BMO )(R), consisting of all continuous functions with
distributional derivatives in BMO (R), in terms of the second-order
differences. Recall that I1( BMO )(Rn) is also known to be the
image of BMO (Rn) under the first-order Riesz potential I1.

[ns]A. Nicolau and O. Soler i Gibert , Approximation in the
Zygmund class, J. Lond. Math. Soc. (2) 101 (2020), 226–246.
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ÄÅ

I SaksmanÚ Soler i Gibert [ss]^�©�x
dist (f ,F s

∞,2(Rn))Λs(Rn), s ∈ (0,1], f ∈ Λs(Rn).

ò�êí2�
n�,y²�{´Äu�Å�.

[ss]E. Saksman and O. Soler i Gibert, Approximation in the
Zygmund and Hölder classes on Rn, Canad. J. Math. 74 (2022),
1745–1770.

IïÄ�¯K :éu¤k1w�Is ∈ (0,∞),�
ÑLipschitz�m¥����äk�Å�x�¼ê�m�ål�¢C 
A��x¿�Ñ�A�4��¢C�x.
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Ì�(J:�Å

I Cr
c (Rn), the set of all r times continuously differentiable

real-valued functions on Rn with compact support.
IFor any γ := (γ1, . . . , γn) ∈ Zn

+ and x := (x1, . . . , xn) ∈ Rn, let
xγ := xγ1

1 · · · x
γn
n .

IFor any integer L > 1, there exist functions ϕ,ψ` ∈ CL
c (Rn) with

` ∈ {1, . . . ,2n − 1} =: N such that, for any γ ∈ Zn
+ with |γ| ≤ L,∫

R
ψ`(x)xγ dx = 0, ∀ ` ∈ N

and the union of

Φ := {ϕk (x) := ϕ(x − k) : k ∈ Zn} (1)

and

Ψ :=
{
ψ`,j,k (x) := 2jn/2ψ`(2jx − k) : ` ∈ N , j ∈ Z+, k ∈ Zn

}
forms an orthonormal basis of L2(Rn). The system Φ ∪Ψ is called
the Daubechies wavelet system of regularity L on Rn.
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Ì�(J:�Å��?�N

ILet D be the class of all dyadic cubes
Ij,k := {x ∈ Rn : 2jx − k ∈ [0,1)n} with j ∈ Z+ and k ∈ Zn

I Dj denote the class of all dyadic cubes in D with edge lengths
2−j with j ∈ Z+.
I Let Ω := Ω0 ∪ Ω1, where Ω0 := {0} × D0 and Ω1 := N ×D.
I For any ω = (0, I) ∈ Ω0 with I = k + [0,1]n ∈ D0, let

ψω(x) := ϕ(x − k), (2)

while, for any ω = (`ω, Iω) ∈ Ω1 with `ω ∈ N and
Iω = 2−j(k + [0,1]n) ∈ Dj , let

ψω(x) := 2jn/2ψ`ω(2jx − k). (3)

IFor any f ∈ Λs(Rn) and ω ∈ Ω, let 〈f , ψω〉 :=
∫
Rn f (x)ψω(x) dx .

ÜÜÜ������ (���®®®���������ÆÆÆ) Lipschitz���mmm¼¼¼êêê���ÙÙÙfff���mmmååålll���xxx 10 / 30



Ì�(J:�Å��?�N

ILet D be the class of all dyadic cubes
Ij,k := {x ∈ Rn : 2jx − k ∈ [0,1)n} with j ∈ Z+ and k ∈ Zn

I Dj denote the class of all dyadic cubes in D with edge lengths
2−j with j ∈ Z+.
I Let Ω := Ω0 ∪ Ω1, where Ω0 := {0} × D0 and Ω1 := N ×D.
I For any ω = (0, I) ∈ Ω0 with I = k + [0,1]n ∈ D0, let

ψω(x) := ϕ(x − k), (2)

while, for any ω = (`ω, Iω) ∈ Ω1 with `ω ∈ N and
Iω = 2−j(k + [0,1]n) ∈ Dj , let

ψω(x) := 2jn/2ψ`ω(2jx − k). (3)

IFor any f ∈ Λs(Rn) and ω ∈ Ω, let 〈f , ψω〉 :=
∫
Rn f (x)ψω(x) dx .

ÜÜÜ������ (���®®®���������ÆÆÆ) Lipschitz���mmm¼¼¼êêê���ÙÙÙfff���mmmååålll���xxx 10 / 30



Ì�(J:�Å��?�N

ILet D be the class of all dyadic cubes
Ij,k := {x ∈ Rn : 2jx − k ∈ [0,1)n} with j ∈ Z+ and k ∈ Zn

I Dj denote the class of all dyadic cubes in D with edge lengths
2−j with j ∈ Z+.
I Let Ω := Ω0 ∪ Ω1, where Ω0 := {0} × D0 and Ω1 := N ×D.
I For any ω = (0, I) ∈ Ω0 with I = k + [0,1]n ∈ D0, let

ψω(x) := ϕ(x − k), (2)

while, for any ω = (`ω, Iω) ∈ Ω1 with `ω ∈ N and
Iω = 2−j(k + [0,1]n) ∈ Dj , let

ψω(x) := 2jn/2ψ`ω(2jx − k). (3)

IFor any f ∈ Λs(Rn) and ω ∈ Ω, let 〈f , ψω〉 :=
∫
Rn f (x)ψω(x) dx .

ÜÜÜ������ (���®®®���������ÆÆÆ) Lipschitz���mmm¼¼¼êêê���ÙÙÙfff���mmmååålll���xxx 10 / 30



Ì�(J:�ÅA��m

ILet X be a quasi-normed lattice of function sequences. Assume
that s ∈ (0,∞). The Daubechies s-Lipschitz X-based space
Λs

X (Rn) is defined to be the set of all functions f ∈ Λs(Rn) such that

‖f‖Λs
X (Rn) :=

∥∥∥∥∥∥∥
 ∑
ω∈Ω,Iω∈Dj

|Iω|−s/n−1/2 |〈f , ψω〉|1Iω


j∈Z+

∥∥∥∥∥∥∥
X

<∞.

I : M(Rn), the set of all measurable functions f : Rn → R ∪ {±∞}
that are finite almost everywhere on Rn.
IMZ+(Rn) the set of all sequences {fj}j∈Z+ of functions in M(Rn).
I‖ · ‖X : MZ+(Rn)→ [0,∞]

I X¥�z���Ñ´��¼ê, Dj´1j��?�N, ψω´�àg
��ÅXÚ.
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Ì�(J:�ÅA��m

ILet q,p ∈ (0,∞]. The space lq(Lp)Z+(Rn) is defined to be the
set of all F := {fj}j∈Z+ ∈ MZ+(Rn) such that

‖F‖lq(Lp)Z+ (Rn) :=

∑
j∈Z+

∥∥fj
∥∥q

Lp(Rn)

 1
q

<∞,

where the usual modification is made when q =∞.

I : Bs
p,q(Rn) ∩ Λs(Rn) = Λs

X (Rn) with equivalent quasi-norm,
X := lq(Lp)Z+(Rn).
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Ì�(J:�ÅA��m

ILet q,p ∈ (0,∞]. Lp(lq)Z+(Rn), the set of all
F := {fj}j∈Z+ ∈ MZ+(Rn) such that

‖F‖Lp(lq)Z+ (Rn) :=

∥∥∥∥∥∥∥
∑

j∈Z+

|fj |q
 1

q

∥∥∥∥∥∥∥
Lp(Rn)

<∞,

where the usual modification is made when q =∞.
I F∞,q(Rn,Z+), the set of all F := {fj}j∈Z+ ∈ MZ+(Rn) such that

‖f‖F∞,q(Rn,Z+) := sup
l∈Z+,m∈Zn

 1
|Il,m|

∫
Il,m

∞∑
j=l

∣∣fj(x)
∣∣q dx


1
q

<∞,

where the usual modification is made when q =∞.
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Ì�(J:�ÅA��m

I F s
p,q(Rn) ∩ Λs(Rn) = Λs

X (Rn), X := Lp(lq)Z+(Rn) when p 6=∞ or
with X := F∞,q(Rn,Z+) when p =∞.
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Ì�(J

I Let s ∈ (0,∞). Assume that the regularity parameter L ∈ N of
the Daubechies wavelet system {ψω}ω∈Ω satisfies that L > s.
Then, for any f ∈ Λs(Rn),

dist (f ,Λs
X (Rn))Λs(Rn)

∼ inf

ε ∈ (0,∞) :

∥∥∥∥∥∥∥


∑
I∈W 0

j (s,f ,ε)

1I


j∈Z+

∥∥∥∥∥∥∥
X

<∞


with positive equivalence constants independent of f .

W 0(s, f , ε) :=

{
I ∈ D : max

ω∈Ω,Iω=I
|〈f , ψ(`,I)〉||I|−

s
n−

1
2 > ε

}
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Ì�(J

Ik
�ÅA��A��x,Òïá
ù�ål�¢CA��xù.

I|^�ÅA�,·�B�±|^�Å���¢CA��éX,?�
ÚïáÙ¦¢CA�.

I·��Y��
�©A�,�+A�,¥²þA�,¦fA�.
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y²g�

I Lipschitz�m¼ê��ÅA�´�ÅXê¦1w�I�þ(..

‖f‖Λs(Rn) ∼ sup
ω∈Ω
|〈f , ψω〉| |Iω|−s/n−1/2.

I|^�ÅA�, Lipschitz�m¼êf�¼êg�ålÒ´éAXê

���þ(..

sup
ω∈Ω
|〈f − g, ψω〉||Iω|−s/n−1/2

ILipschitz�m¼ê�Ùf�mΛs
X (Rn)�ål´.

inf
g∈Λs

X (Rn)
‖f − g‖Λs(Rn) ∼ inf

g∈Λs
X (Rn)

sup
ω∈Ω
|〈f − g, ψω〉||Iω|−s/n−1/2.
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ILipschitz�m¼ê�Ùf�mΛs
X (Rn)�ål´.

inf
g∈Λs

X (Rn)
‖f − g‖Λs(Rn) ∼ inf

g∈Λs
X (Rn)

sup
ω∈Ω
|〈f − g, ψω〉||Iω|−s/n−1/2.

I�e5�?Ö´�Ke(.,�Ò´¦���U�é��
mΛs

X (Rn)¥�±3Lip�êe%Cf���.

I*	f��ÅA�,òf�K�oâU �§��êQº

‖f‖Λs(Rn) ∼ sup
ω∈Ω
|〈f , ψω〉| |Iω|−s/n−1/2.
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I*	f��ÅA�,òf�K�oâU �§��êQº

‖f‖Λs(Rn) ∼ sup
ω∈Ω
|〈f , ψω〉| |Iω|−s/n−1/2.

IÏ���¼ê�lip�ê´��d��Xêû½�,XJ��ü$
��¼êlip�ê,'X�4ù�lip�ê�u1,@oÒ�r�u1�¤
kXê<r. ���e��Xê>1,ù�lip�êÒ¬¹1.

IÏL�3¤k���Xê¢y�%CÒ´�8�{.
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‖f‖Λs(Rn) ∼ sup
ω∈Ω
|〈f , ψω〉| |Iω|−s/n−1/2.

IÏL�3¤k���Xê¢y�%CÒ´�8�{.
For any ε ∈ (0,∞), let

Gε(f ) :=
∑

ω∈Ω(ε)

〈f , ψω〉ψω,

Ù¥Ω(ε)Ò´¤kXê�uε��I8,Xe:

W 0(s, f , ε) :=

{
I ∈ D : max

ω∈Ω,Iω=I
|〈f , ψ(`,I)〉||I|−

s
n−

1
2 > ε

}
u´á�k

‖f −Gε(f )‖Λs(Rn) . sup
ω∈Ω\Ω(ε)

|〈f , ψω〉||Iω|−s/n−1/2 ≤ ε.
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‖f −Gε(f )‖Λs(Rn) ≤ ε.

d�·�®²é�
��%C�{,ÏLù��{·��±4%C
Ø�ε?¿��.
I�e5�¯K´Gε(f )Û�3·��8I�mΛs

X (Rn)¥º

Gε(f ) :=
∑

ω∈Ω(ε)

〈f , ψω〉ψω,

Ù¥Ω(ε)Ò´¤kXê�uε��I8,Xe:

W 0(s, f , ε) :=
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s
n−

1
2 > ε

}
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I�e5�¯K´Gε(f )Û�3·��8I�mΛs
X (Rn)¥º

IGε(f )À��Ñ´Xê�uε�Ü©,
ù
Xê��q´�u�
u‖f‖Λs(Rn),Ï�f��ÅA�Ò´Xê�þ(.. =:

ε < |Iω|−
s
n−

1
2 |〈Gε(f ), ψω〉| . ‖f‖Λs(Rn).

Gε(f ) :=
∑

ω∈Ω(ε)

〈f , ψω〉ψω,

Ù¥Ω(ε)Ò´¤kXê�uε��I8,Xe:

W 0(s, f , ε) :=

{
I ∈ D : max
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I�e5�¯K´Gε(f )Û�3·��8I�mΛs
X (Rn)¥º

dε < |Iω|−
s
n−

1
2 |〈Gε(f ), ψω〉| . ‖f‖Λs(Rn)íÑ

ε

∥∥∥∥∥∥∥


∑
I∈W 0

j (s,f ,ε)

1I


j∈Z+

∥∥∥∥∥∥∥
X

. ‖Gε(f )‖Λs
X (Rn)

=

∥∥∥∥∥∥∥


∑
ω∈Ω,Iω∈W 0

j (s,f ,ε)

|Iω|−
s
n−

1
2 |〈Gε(f ), ψω〉|1Iω


j∈Z+

∥∥∥∥∥∥∥
X

. ‖f‖Λs(Rn)

∥∥∥∥∥∥∥


∑
I∈W 0

j (s,f ,ε)

1I


j∈Z+

∥∥∥∥∥∥∥
X

.
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I�e5�¯K´Gε(f )Û�3·��8I�mΛs
X (Rn)¥º

ε

∥∥∥∥∥∥∥


∑
I∈W 0

j (s,f ,ε)

1I


j∈Z+

∥∥∥∥∥∥∥
X

. ‖Gε(f )‖Λs
X (Rn)

. ‖f‖Λs(Rn)

∥∥∥∥∥∥∥


∑
I∈W 0

j (s,f ,ε)

1I


j∈Z+

∥∥∥∥∥∥∥
X

.

IuyGε(f ) ∈ Λs
X (Rn)��=� ‖{

∑
I∈W 0

j (s,f ,ε) 1I}j∈Z+‖X <∞.

ÜÜÜ������ (���®®®���������ÆÆÆ) Lipschitz���mmm¼¼¼êêê���ÙÙÙfff���mmmååålll���xxx 24 / 30



y²g�

Io(�e8c���(ØéuLip�m¥?¿���¼êf .

‖f −Gε(f )‖Λs(Rn) ≤ ε.

¿�

Gε(f ) ∈ Λs
X (Rn)��=� ‖{

∑
I∈W 0

j (s,f ,ε) 1I}j∈Z+‖X <∞.
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I ‖f −Gε(f )‖Λs(Rn) ≤ ε.
Gε(f ) ∈ Λs

X (Rn)��=� ‖{
∑

I∈W 0
j (s,f ,ε) 1I}j∈Z+‖X <∞.

I�d5

dist (f ,Λs
X (Rn))Λs(Rn)

∼ inf

ε ∈ (0,∞) :

∥∥∥∥∥∥∥


∑
I∈W 0

j (s,f ,ε)

1I


j∈Z+

∥∥∥∥∥∥∥
X

<∞


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A^

Let s ∈ (0,∞), p ∈ (0,∞), and q ∈ (0,∞].

dist
(
f ,Bs

p,q(Rn) ∩ Λs(Rn)
)

Λs(Rn)

∼ inf

ε ∈ (0,∞) :


∞∑

j=0

 ∑
I∈W 0(s,f ,ε),I∈Dj

|I|


q
p


1
q

<∞


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A^

Let s ∈ (0,∞), p ∈ (0,∞), and q ∈ (0,∞].

dist
(
f ,Bs

p,q(Rn) ∩ Λs(Rn)
)

Λs(Rn)

∼ inf

ε ∈ (0,∞) :


∞∑

j=0

[
µ(Sr ,j(s, f , ε))

] q
p


1
q

<∞


+ lim sup

k∈Zn, |k |→∞

∣∣∣∣∫
Rn
ϕ(x − k)f (x) dx

∣∣∣∣
Ij ∈ Z+,

Sr ,j(s, f , ε) : =
{

(x , y) ∈ Rn+1
+ : ∆r f (x , y) > εys, y ∈ (2−j−1,2−j ]

}
.
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A^

Let s ∈ (0,∞) and q ∈ (0,∞].

dist
(
f ,Bs
∞,q(Rn)

)
Λs(Rn)

∼ inf
{
ε ∈ (0,∞) : ]{j ∈ Z+ : Wj(s, f , ε) 6= ∅} <∞

}
dist

(
f ,Bs
∞,q(Rn)

)
Λs(Rn)

∼ inf
{
ε ∈ (0,∞) : ]{j ∈ Z+ : Sr ,j(s, f , ε) 6= ∅} <∞

}
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