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MRER

o ZERH T EHWEEIEIR: AIRMREFMALEHERE.
DR E: flanf/E FLebesgueZEILP(R™)(p € [1,00)) HENH

e e 0.,

esssup |f(x)], g = oc.
xeR"

I1fllLaqrny ==
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MRER

o NXBMRE: fZnBMOZ: (8], SobolevzsiE 55 R L EZEBV.

@ SobolevE[EWKP(R") (k € N, p € [1,00)): f e L] (R") B
11l oo ggny = 1V F] [l oggny < oo

HepVE= (g5, .., 55). BEWKP(R™) = WKP(R") N LP(R").

o fRg € Ll (R") 2fHI5-NE5SHE, MHEE € C(R"),

1(:09°0(x) ax = (~1) | g(x)0(x) o
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MRER

e BMO=Zd): fe L (R") B

loc

Ifllsmo := sup |f(x) — fol dx < oo,
cubeQCR"J Q

Heh, 1
f, ::][fx dx::/fx ax.
0= 1 fax = o | ()
@ L>®(RM g BMO, log |x| € BMO \ L*(R").

e F. John & L. Nirenberg, Comm. Pure Appl. Math. 14 (1961), 415-426.
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MRER

Sobolev#z A
o RIEF BN (kp < n, SobolevAEFX): WP C L9, q € [p, 7255];
o IEE1ER(kp = n, Poincaré A& =R,): WKP c BMO;
o BIEFEM (kp > n, Morrey R"ER): WkP ¢ Cke ¢ BMO.
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MRER

o HPoincaré ~NERH, FEEu e WP,

][ u(y) — Ugeen)| dysr][ Vu(y)| dy
B(X7r) B(X,I’)

1

1
<r [][ |Vu(y)|"dy] < [ / |Vu|"] "
B(x,r) RN

H WP c BMO.
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Theorem 1 (FMS18, Theorem 2.2)
&p e (1,00), Mf e WIP(RM) S B IR

p
lim sup €"P ][‘f(x)—fo‘ dx < oo;
e—0* {Q}jec. /ezg:e Qi !

B#Ep e [1,00), MFHEES € WIP(R"),

P
i n_p — = p
EI_|[16|+ {gjup € E 7[01 ’f(x) foj‘ dx = 5(n, P)IVH[p(rn);

}ege j€Ge

Hoh R EEFEFRRL, ke, B MEBIISHE{Q)jc0..

e [FMS18] N. Fusco, G. Moscariello & C. Sbordone, ESAIM Control Optim. Calc. Var. 24
(2018), 835-847.
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o MHERP € [1,00), (1, P) = MaXycon 1 fq X - vIP o, 2
FQy = (5, )™

o ~(n, p)IURET n, pTIFAENT Qo075 1): SHEER € O(R"),

L VA(Qy) € argmax,cgn-1 fgqy X - v|ax. M

RTx - vq,| dx

A(n.p) = [ Ix-va ok = [
Qo R(Qo)

—][ |x - R(vgq,)| dx < max][ |x - v|dx

R(Qo) ves™1JR(Qp)

= \X-VRQ]dx—][ x - R(vg(q,)| dx
]{?(Qo) (Qo) C)0| (@)

<~(n,p).
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MRER

%ec (0,1). MEAT.(R")ARM—"e- HilrE:
() (FEEEH) T.(RER"PHRAARZHFEFMAT(R") KU
Bt (cell)i%.
(i) (FTlBBREH)
IRT\U{T.: T. e T(RM}| =0.
(iif) (FEARAF) BHEFEQ C RV(SEMM) EEMEERT, € T.(R"),
T. = h(eQ), h € E(n).
BT(R™) #RARIMAET.(R") hErEMREEERESE.

e G. Di Fratta & A. Fiorenza, J. Funct. Anal. 279 (2020), 108556, 26 pp.
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REATR{ Q(R")}ce(0,1) NEIEHIES
() AEBEM) WEZe € (0,1), Q(R") BR'BITTHAZFEI.
(i) (FEIpRFZH)

liminf1 =1, a.e. onR".

e+ Yoeacrn

(i) (—BABMEE) FESEEM O C RVEEIHEEQ. € O.(R"), &

fEh € E(n)EBQ. = h(cQ).
SR Q(R™) }ee(o.1) RRIERIE Q. (R) S ET A B E AR5,

v

e G. DiFratta & A. Fiorenza, J. Funct. Anal. 279 (2020), 108556, 26 pp.
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®p € [1,00) AQARMENMENNISE R, SHEES € L] (R"), &
K [f, @] = sup y) —folP dy} :
9:(2.0) | qeg. (o

A EMBREEG.(Q), BIFIA(Q.), h € E(R") MR XHITF &
H%.[0(Q) B R B R E (5],

e G. Di Fratta & A. Fiorenza, J. Funct. Anal. 279 (2020), Paper No. 108556, 26 pp.
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Theorem 2

&p e [1,00) EQARMMIEAN RN S E A,
(i) SHEEf e WP(Q),

loc

einol fif) {f, E)] =T (p, n, @) ||f”W1,p(Rn)7

Hedl(p,n, Q) = max, csn-1 {5 1x - v|P dx.
(i) Ep e (1,00), Mf e WIP(R") HHINY

iminf i, [£, Q] < oc.

e—0t

e G. Di Fratta & A. Fiorenza, J. Funct. Anal. 279 (2020), Paper No. 108556, 26 pp.
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o HEMIBMEM: WIP(Q) = WKP(Q)
o HEITAIFMEM: WP(Q) = WAX(Q).
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o FTERM
o 7(n,p, Q) =7

o TRABLP(R)SEH AR E

n—p _
elr51+ sup € Z][ ’f fo dX— y(n, P)HVfHLp(Rn)
{Qljege JEGe
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ERLER y(n,p) =7

@ k=1:3EEfc C'(R") Kx,h e R",

B
fix+h= > l(,x)hhnﬂ)(x, h)
{Bezy: |BI<1y T

= f(x) + VI(x) - h+ RM(x, h),

HAHV(x) € R,

(BRI K E) HUM(12.20)



ERLER y(n,p) =7

@ k>2: WEEKkcZ,, fec CK(R")Fx,heR",

fix+hy = Y ( 9710X) s R®)(x, h)
{Bezt: |5|<k} |
) + Z —om (Dm 1f)( )-h+ RW(x, h),

HAV(D™'f)(x) € Mym—1 , BiR

‘v (o) (x)‘ = |VMf(x)].
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ERLER (n,p) =7

M1 = {v (Dk—wv) P P= > bux*with b, € c} .

{a€Zl]: |al=k}

@ Bk En=2=kK N

Mnk717n = {(Z[C)> s ab,ce (C}.
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ERLER y(n,p) =7

o WMEBge[1,0), ke N, REREAEQCR", &

v (n, q.k. E))
i 1 (k—1) q 3
= _ min -— f Uk(X)AX — P,\ (o’k()A) (X)‘ dX ;
{Acti i, A=1} K! Lg Q
r <n7 q7 k? a)
! (k—1) g 73
= ~ max — ][ ok(X)Ax — P (ok(-)A") (x)‘ dx
{Aei iy : 1a=1} K! L@ Q
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ERLER y(n,p) =7

° 0<7(n,q,k,@)§|‘(n g, k, (AD)<oo.

@ ~(n, q,1,a) ~(n, q,1,R(Q)),VR€O(R”).

e (ng,1,Q) =T(ng,1,R(Q)), VR e ORN).

° 7(1,9.k.Q) =T(1,9.k, Q).

°7(n7q7178(0 1))*r(n q71aB(0 1))

o Ifn,k>2, M~(n,q,k, Q) <T(n,q,k, E?).

@ k,n=2:LetA:= 10 and B := Og
,n=2: =100 = %O )
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HEr LB ERR: WIP(R") = WKP(RM)

Definition 4

®p, q € [1,00), k € N, QRFERIMEEMBEHIR{ O (R") }ec(0.1) IS
B SHEES € L] (R") Ke € (0,1), %

T [f, E)]

P
q
= sup |:][‘f P(k ! )‘ dy:|
{Qc(RM)}eco,1) QEQ (R™ )

H EiH A BB BRI S REIE{ Qc(R") }ec(0,1)-

Q
——
I
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HET SR SRR, W1 P(RT) — WHA(RN)

p.q € [1,00) Bk € NFHRA(S - 1) < k, HORFRIME MR

HR{Qc(R™) }ec (o) 1L E 40 B QREIAXI.
(i) JHEEF e WEP(R),

7 (1.0.6,Q) 1 lnoquny < lim 754 [£,0] <T (1,0,K, Q) 1l o

(i) Bp e (1,00), Mf e WKP(RM) X BN

. . € 2
|I€rE(IJrJpr’q [f, Q] < o0

e H.Jia, X. Yan & D. Yang, Math. Z. 311 (2025), no. 2, Paper No. 36, 57 pp.
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HEr LB ERR: WIP(R") = WKP(RM)

Definition 5
P, qe[1,00), k € N, TEIAXIB QR FEHEMER TS EMA. WHE
Bfecll (R, 4

loc

K [f, 6]
5

a5l )

E*tﬁ%%}ﬂiﬁﬁﬁﬁ@(@), BRI MN(Q.), h e E(R") HIFFEE
REW.[G(Q)FHEEEFEESME)].

v
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HEr M ERR: WTP(R") = WhP(RM)

i%p.q € [1,00) Bk € NBRn(S - 1) < k, ROREEMERIENSE
4R B QRITHX .
(i) IHMEESF € WKP(RD),

7(n.q.k. Q) 1 llignaoy < liminfi, g [1,@] < timsuprs  [£, @

e—0t
S r (nv q, k7 a) ||f||Wk’p(R”)'
(i) Ep e (1,00), Mf e WKP(RM) X B XY

Ilerzcl)rlfnpq [f Q] < o0.

e H.Jia, X. Yan & D. Yang, Math. Z. 311 (2025), no. 2, Paper No. 36, 57 pp.
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HEr LB ERR: WIP(R") = WKP(RM)

p.q e (1,00)Bk = 1#REN(L - 1) <1, ROREEMBRIKNS
AR B QR IEHAX . MIFHEES € WIP(R"),

lim k5 [f, é} =7 (q, k. n, é) 1oz

e—0t

e H.Jia, X. Yan & D. Yang, Math. Z. 311 (2025), no. 2, Paper No. 36, 57 pp.
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HEr AT AR MR AR: WIP(R") = WHRX(R")

o IEZ:

lim sup ¢” ][ ‘f
e—0F {Q}jeq. Pl
1 p
~ i - f(y) — fg.nlP d
Jm []{M\m sl d ]
LP(RM)

AN AT AE AR RE ERITHT.

e H.Jia, J. Tao, D. Yang, W. Yuan & Y. Zhang, Sci. China Math. 65 (2022), 359—-420.
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HEr AT AR MR AR: WIP(R") = WHRX(R")

o FRALM R HAIFEAFEX ABkBanach R ¥z (8%

Q) |Ifllx=0= f=0ae.;
(ii) 9| < [fla.e. = [|glx < [/fllx;
(i) 0 < fm 1 fae. = [fmllx T Iflx;
(iv) SEEBCR", 15 € X;
(v) SHEES g € X, |+ 9glx < |Ifllx + [l9llx;
(vi) XEEIKB C R", FHEIEEHCp XS, WEES € X,

/B ()| dx < Cea)llx.

e Y. Sawano, K.-P. Ho, D. Yang & S. Yang, Dissertationes Math. 525 (2017), 1-102.
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HEr AR MR AR: WIP(RD) = WHX(R)

XBEREZEZRBRHTIE:

il Lebesguezsig) Ly (R)
Lorentz=s[8]LP9(R")
OrliczZ=[E]L*(R")
MorreyZs[B] MP-9(R")

R ATEHLebesgue Z[ELP(R")

Orlicz-sliceZS[BI( EL ) (R")

(BRI K ) HUM(12.20)



HEr- AR MR AR WIP(R") = WKEX(R)

Definition 6

%k € 7, BX9¥kBanachik $ =5 8. ¥kBanach Sobolevas[a Wk X (R")
ENAFRES € L (RNFER|VK| € XHESBESHEH

| Flliexceny = Il V¥F [

v

Definition 7

TkBanachik # = B XBIE X ZE B X EX J9

X' = {f € M(R") : ||fllx < oo},

Heh

il = sup {Ifglluscary - 9 € X, llgllx =1}

A
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HEr AR MR AR: WIP(RD) = WHX(R)

Definition 8
W’ XA Banachi& ¥z 8 Hp € (0,00). Hp- it XPENX K

XP .= {f e M(R") : |f|P € X}

BLEEHRSEH fxe = | 7P [¢.
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HEr AR MR AR: WIP(RD) = WHX(R)

Definition 9

#R¥kBanachEZ = BIX A B EXIELSe A, MMEES c XREEANE
ﬁﬁ{Ej}jeN CR” E.Ej_H C Ej&ﬂjeN Ej =0, ||f1E,-”X 10 asj — 00.

| \

Definition 10

SHEEr € (0,00), FILERFHETFBEN A, SHMEES € L] (R")
Kx eR",

BANG) = £ 1y .

B(x,r)

A\

e F. Dai, L. Grafakos, Z. Pan, D. Yang, W. Yuan & Y. Zhang, Math. Ann. 388 (2024),
1691-1768.
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HEr AR MR AR: WIP(RD) = WHX(R)

Definition 11

3% X Nk BanachE# =2 8. FRRDERBAET (B, }rc(0.00) TEX E—BA
REHEESNCHEE, JEES € X,

sup IIBr(f)le < Cl|f]lx-

re(0,00)

o [M(flx < Clifllx = sup [B(f)lx < ClIf]x-

re(0,00)

® {Br}re000) EL (RN E—HB R, XML
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HEr AR MR AR: WIP(RD) = WHX(R)

Sk eN,p,qe[t,c0) RS~ 1) <k, E_X%X%?Jfﬁaanachm%z*
8. FH{Br}re0,0) TXJ:’ﬁﬂ-, X%X’ﬁfﬁﬂ‘f LEIEH, Mf e WEX(R)

SRR E
1
[ 'leka fM—M“%mnqu < oo
WEX(R) * 0+ B(-.r) BC.) '
X

BXHEES € WEX(RM),

7(n, Gk, BO, D) [ V4] | < Il gy < TG K, BO, 1)) [[[V¥] || -

e H.Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.
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Rz F

SkeN,Bel o], ge 1, c0)BRA(L — 1) < k. My fe WL,

7(n.q, k, BO, D) || [V¥F] || s < IFI15)) - < T(n, q. k, B(0,1)) || [V¥f|

Iz

o ;EEE, Hp e [1,00)"Ap- = 18, Hardy—Littlewood iR K HF 7 —
EE(LPY EAR, EW P BBBMAR T —E M. 1Bt fulk
FHETFELEER, BltW Y HVMORI AR A L.

e H.Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.
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Rz F

o MEES € R&Ef € S'(R")/P(R"), HRiesz{ii# [3fEEX A

Isf == F1 |(2x] - \)_5]-7];
o MNZEAHLP: f e S'(R")/P(R")EE 811l eny = 11 fll,p < oo
@ /M Sobolevzs|g]

o . Wj’p ifn=1o0rp=1,
“ T lHY ifneNN[2,00)and p € (1,0).
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Rz F

Theorem 8

Swe Ll dkfa, p e [1,00), AIEHAXISQ 2R E RS EE. N
N2
(i) w € Ap(RM).

(i) FHEC € (0,00)fE8, BMEEf € Yo n L,

1 q
- [][ f(y) — fac.n | d}/]
€ |JB(.,r) 0

(iii) F#Eq € [1,00)F1C € (0, 00)fET, MERe € (0, 00), HHIE
HO(R") (QNESEMM), f € YIP N L],

sup

< Ol 3o
re(0,00) “

1

5
q
s { f(y) — fa|? dy} < Cllfllyze-
{Qc(RM}ec,0) | geo. (R”

(Bt R ) FM(12.20)
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BEB 1B

° 2p> 1. |fllwes ~ flle + [|AF|l o, A =31, 382%
o &p>1.fe WeP(R") HENYS e [P(R") BFFfEg € LP(R") &S

Sa(F.9)() = { /0 h

[Af][e ~ [1S2(f, 9) Lo (reny-

fac.p) — f()
t2

2y %
— 98(.1) } € LP(R™)

and

e R. Alabern, J. Mateu & J. Verdera, Math. Ann. 354 (2012), 589-626.
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BEMIER: 50 h = T 1)

®pe (1,00)BEq e [1,p]. Mf e WAP(R") HENHSf c XB

1

g
r? [][ [f(y) — fB(y,r)|q d}’]
B(',f)

ByHERS € W2X(R"),

liminf
r—0+

< 00.

Lp(R")

1

li ———— || AF|| o gy -
im a3 1w

r—0+

e H.Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.

(BRI K ) HUM(12.20)



BEMIER: 50 h = T 1)

o W{EEk € NEx c R", &

D} f(x) :=f <x+ Z) —f (x - ’27> and Df := D} D,

MFHEZr € (0,00)Fx € R”,

F(X) = foxry = 1(X) = [f(x + ry) + f(x = ry)] dy

2 B(0,1)

’

= —][ [f(x+ry)+ f(x —ry) — 2f(x)] dy
2/B(0,1)

1][ >
=—5 Dy, f(x) dy.
23(071) I’y()y

e F. Dai, A. Gogatishvili, D. Yang & W. Yuan, Nonlinear Anal. 128 (2015), 86—99
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o BRMFNENBHIKTIIHET B, - SHEBK € NRS € L], (R"),

1

F(X) — B f(x) = ‘ck]é o DRI

B C= (-1 (%),

e F. Dai, A. Gogatishvili, D. Yang & W. Yuan, Nonlinear Anal. 128 (2015), 86—-99

(BRI K ) HUM(12.20)



BEMIER: 50 h = T 1)

Theorem 10

BERBICEMEIR 7. ]Ri& Hard—-Littlewoodik KEFMEX LB E.
M f e WekX(RM) %HW'_—Hf e Wak-2X(rm B

1

3
”fHWkX ®7) T lim_{{r—2% |]£( )‘f(y) - Bk,rf(}/)|q dY] < 0.
r

X
BXHERS € W2HX(RN),

11y = @ 1A%

1 13- (2k—1
,J:Fak - (Zkk) (n+2)(n+4() (n-z2k)

e H.Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.
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— LR AR Y (8] 7%

Theorem 11 (Bourgain—Brezis—Mironescu A=)

L{pe}ec(0,00) BRIFARREBHIEEFEY € € (0,00), [gnpe(|X]) X =1,
iy fR”\B(O 5) Pe(|x]) dx = 0.

; f(x) — f)IP K(p, n)

I|m/ — 27 H(]x—y])dydx = ———~ VI(x)|P dx,

dm [ e elix =y ay 27 [ 19i
/\l

U K#T pFn.

e J. Bourgain, H. Brezis & P. Mironescu, Optimal Control and Partial Differential Equations
pp. 439-455. 10S, Amsterdam, 2001.

e H. Brezis, Russ. Math. Surv. 57 (2002), 693—-708.

(BRI K )
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— B R AR 58

Corollary 1

A
4
1i 1
———, re(0,e2),
pe(r) = { pri=pez ! o
0, rele 2, o).
MY p e [1,00), f € WIPR"),
. [f(x) — ()P K(p,n)
lim (1 — St dydx = = g
s—l>r?—( S) /Rn Rn |X_y‘n+sp dydx p /R”lVf(X)| o

(BRI K )
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— LR AR Y (8] 7%

Corollary 2
PAN
N (n -+ mp)r™
,Oe(r) — ent+mp ) r e (076)5
0, r € [e,00).

My pe[1,00),fe W17P(R”),

, |f(x) — f(y)IP K(p, n)
lim / ][ dy dx = —’/ VI(x)P dx.
=0t Jrn/B(x,e) |X yIP 4 p ]R"‘ L dx

(BRI K ) HUM(12.20)




— LR AR Y (8] 7%

B5f e WHX(RN) % B

1
q

. f(y) = PY ()19
lim l/R B _y|kq pe(-—y)dy < 0.

e—0t
X

(BRI K ) HUM(12.20)



— LR AR Y (8] 7%

BEfc WX (RNEHANY

lim

e—0*t

< 00.

{ f(y) — B, ()W)
RP 57

q
|'_y’2kq p€(_y) dy:|

(BRI K ) HUM(12.20)



— LR AR Y iB) &

Proposition 1
SHEEp € [1,00), f € WIP(R") & f € LP(R") B 3v € LP(R", R") {45

_ . h|P
Iim/][ Petar ) = o)) = Ao o n )
n.JB(o,r)

r—0+

|hlP

e D. Spector, C. R. Math. Acad. Sci. Paris, 353 (2015), 327-332.

(BRI K ) HUMN(12.20)



— L SR ARRAY 2] B
Proposition 2

fe WRXHERYSF € W XA LFA4SEX € R, FHEH(x) € My,
#18|H| € XE

fim || ][ f(- 4+ h)— TK(H( + h) — 1, (h)H(-)hq dh I - 0
r—0+ || rk B(0,r) ’ k! k -
X
HAp T (HR(k — 1)REHAR. IO, SHEES € WKX,
R q a
lim || l]é(o’r) |f(- + h) — TE(F)(- + h)| dh] ) =0. (1)

e H.Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.
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— LR AR Y (8] 7%

Question 3

REf € WRXLENYS € Wh I XBxta.ex € R”, 3H(X) € My 1 ,fF
BH eX A

1

][ (- + h) = T (F)(- + h) = grok(H()h|? oh /
B(0,r)

AP -

X

lim
r—0+
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BEfe WKXYBNYfe WX H
1
1 _ pk) a 1% _
lim | []i(.,,) 1)~ P (D) dy] =0
X
W&
1
I1(y) — PS) (D)) :
lim / (1) —d _o.
Hm !B(~,r) |- —ylo* =y
X
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