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ïÄ�µ

�x¼ê�m�­��I:�È5ºÝÚ1w5ºÝ.

�È5ºÝ:~XfáuLebesgue�mLp(Rn)(p ∈ [1,∞))��=�

‖f‖Lq(Rn) :=


[∫

Rn
|f (x)|q dx

] 1
q

, q ∈ (0,∞),

ess sup
x∈Rn

|f (x)|, q =∞.
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ïÄ�µ

1w5ºÝ:~XBMO�m, Sobolev�m�k.C��mBV.
Sobolev�mẆ k ,p(Rn) (k ∈ N, p ∈ [1,∞)): f ∈ L1

loc(Rn)�

‖f‖Ẇ k,p(Rn) := ‖ |∇k f | ‖Lp(Rn) <∞.

Ù¥∇f = ( ∂f
∂x1
, . . . , ∂f

∂xn
). �-W k ,p(Rn) = Ẇ k ,p(Rn) ∩ Lp(Rn).

¡g ∈ L1
loc(Rn)´f�β-�f�êe,é?¿φ ∈ C∞c (Rn),∫

Rn
f (x)∂βφ(x) dx = (−1)|β|

∫
Rn

g(x)φ(x) dx .
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ïÄ�µ

BMO�m: f ∈ L1
loc(Rn)�

‖f‖BMO := sup
cubeQ⊂Rn

−
∫

Q
|f (x)− fQ| dx <∞,

Ù¥,

fQ := −
∫

Q
f (x) dx :=

1
|Q|

∫
Q

f (x) dx .

L∞(Rn) $ BMO, log |x | ∈ BMO \ L∞(Rn).

• F. John & L. Nirenberg, Comm. Pure Appl. Math. 14 (1961), 415–426.
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ïÄ�µ

Sobolevi\

g�.�/(kp < n, SobolevØ�ª): W k ,p ⊂ Lq, q ∈ [p, np
n−kp ];

�.�/(kp = n, PoincaréØ�ª): W k ,p ⊂ BMO;

��.�/(kp > n, MorreyØ�ª): W k ,p ⊂ Ck ,α ⊂ BMO.

(_ö�-àH�Æ) É²(12.20) 7 / 58



ïÄ�µ

dPoincaréØ�ª�,é?¿u ∈W 1,p,

−
∫

B(x ,r)
|u(y)− uB(x ,r)|dy.r−

∫
B(x ,r)

|∇u(y)|dy

≤ r

[
−
∫

B(x ,r)
|∇u(y)|n dy

] 1
n

.

[∫
Rn
|∇u|n

] 1
n

.

�W 1,p ⊂ BMO.

(_ö�-àH�Æ) É²(12.20) 8 / 58



ïÄ�µ

Theorem 1 (FMS18, Theorem 2.2)

�p ∈ (1,∞),Kf ∈ Ẇ 1,p(Rn)��=�

lim
ε→0+

sup
{Qj}j∈Gε

εn−p
∑
j∈Gε

−
∫

Qj

∣∣∣f (x)− fQj

∣∣∣p dx <∞;

�ep ∈ [1,∞),Ké?¿f ∈ Ẇ 1,p(Rn),

lim
ε→0+

sup
{Qj}j∈Gε

εn−p
∑
j∈Gε

−
∫

Qj

∣∣∣f (x)− fQj

∣∣∣p dx = γ(n,p)‖∇f‖pLp(Rn),

Ù¥þ(.�H¤küüØ�,>�ε,���?¿�m�Nx{Qj}j∈Gε .

• [FMS18] N. Fusco, G. Moscariello & C. Sbordone, ESAIM Control Optim. Calc. Var. 24

(2018), 835–847.
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ïÄ�µ

é?¿p ∈ [1,∞), γ(n,p) := maxv∈Sn−1 −
∫

Q0
|x · v |p dx ,Ù

¥Q0 := (−1
2 ,

1
2)n.

γ(n,p)=�6un,p
Ø�6uQ0���:é?¿R ∈ O(Rn),
-vR(Q0) ∈ argmaxv∈Sn−1−

∫
R(Q0) |x · v |dx .K

γ(n,p) = −
∫

Q0

|x · vQ0 |dx = −
∫

R(Q0)

∣∣∣RT x · vQ0

∣∣∣ dx

= −
∫

R(Q0)

∣∣x · R(vQ0)
∣∣ dx ≤ max

v∈Sn−1
−
∫

R(Q0)
|x · v |dx

= −
∫

R(Q0)
|x · vR(Q0)|dx = −

∫
Q0

∣∣x · R(vR(Q0))
∣∣ dx

≤ γ(n,p).
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ïÄ�µ

¯¢þ,�Nx�±�¤?¿�i:

(_ö�-àH�Æ) É²(12.20) 11 / 58



ïÄ�µ

$Ûd/<
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ïÄ�µ

Definition 1
-ε ∈ (0,1). ¡8ÜTε(Rn)�Rn���ε-�ie:

(i) (Ø­U^�) Tε(Rn)´Rn¥�üüØ�mf8(¡�Tε(Rn)�[
�(cell))x.

(ii) (ÃmY^�)
|Rn \ ∪{Tε : Tε ∈ Tε(Rn)}| = 0.

(iii) (�q^�)�3m8Q̂ ⊂ Rn(ë�[�)¦�é?¿Tε ∈ Tε(Rn),
Tε = h(εQ̂), h ∈ E(n).

�Tε(Rn)¡�f5�eTε(Rn)¥¤k[�k�Ó��.

• G. Di Fratta & A. Fiorenza, J. Funct. Anal. 279 (2020), 108556, 26 pp.

(_ö�-àH�Æ) É²(12.20) 13 / 58



ïÄ�µ

Definition 2
¡8Üx{Qε(Rn)}ε∈(0,1) �~5�ixe:

(i) (Ø­U^�)é?¿ε ∈ (0,1), Qε(Rn)´Rn��êØ�m8x.
(ii) (ÃmY^�)

lim inf
ε→0+

1⋃
Q∈Qε(Rn)

= 1, a.e. on Rn.

(iii) (���q^�)�3ë�[� Q̂ ⊂ Rn÷vé?¿Qε ∈ Qε(Rn),�
3h ∈ E(n)¦�Qε = h(εQ̂).

d	¡{Qε(Rn)}ε∈(0,1) ´f5�eQε(Rn)¥¤k[�äk�Ó��.

• G. Di Fratta & A. Fiorenza, J. Funct. Anal. 279 (2020), 108556, 26 pp.
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ïÄ�µ

Definition 3

�p ∈ [1,∞)�Q̂�Rn�,�i\�ë�[�.é?¿f ∈ L1
loc(Rn),-

κεp

[
f , Q̂

]
:= sup
Gε(Ω,Q̂)

 ∑
Q∈Gε(Q̂)

1
εp−n−

∫
Q
|f (y)− fQ |p dy


1
p

,

Ù¥þ(.�HGε(Q̂),=/Xh(Q̂ε), h ∈ E(Rn)�üüØ��m8

x.[Gε(Q̂)¥[�äkØÓ��].

• G. Di Fratta & A. Fiorenza, J. Funct. Anal. 279 (2020), Paper No. 108556, 26 pp.
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ïÄ�µ

Theorem 2

-p ∈ [1,∞)�Q̂�Rn�,�i\�ë�[�.

(i) é?¿f ∈ Ẇ 1,p
loc (Ω),

lim
ε→0+

κεp

[
f , Q̂

]
= Γ

(
p,n, Q̂

)
‖f‖Ẇ 1,p(Rn),

Ù¥Γ(p,n, Q̂) := maxv∈Sn−1−
∫

Q̂ |x · v |
p dx.

(ii) ep ∈ (1,∞),Kf ∈ Ẇ 1,p(Rn)��=�

lim inf
ε→0+

κεp

[
f , Q̂

]
<∞.

• G. Di Fratta & A. Fiorenza, J. Funct. Anal. 279 (2020), Paper No. 108556, 26 pp.
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Ì�(J

í21w5^�: Ẇ 1,p(Ω)⇒ Ẇ k ,p(Ω)

í2�È5^�: Ẇ 1,p(Ω)⇒ Ẇ k ,X (Ω).

(_ö�-àH�Æ) É²(12.20) 17 / 58



Ì�(J

Ì�(J

• γ(n,p, Q̂) =⇒?

• eª�>Lp(Rn)�êNy3=p

lim
ε→0+

sup
{Qj}j∈Gε

εn−p
∑
j∈Gε

−
∫

Qj

∣∣∣f (x)− fQj

∣∣∣p dx = γ(n,p)‖∇f‖pLp(Rn).
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Ì�(J: γ(n,p) =⇒?

k = 1: é?¿f ∈ C1(Rn)9x ,h ∈ Rn,

f (x + h) =
∑

{β∈Zn
+: |β|≤1}

∂βf (x)

β!
hβ + R(1)(x ,h)

= f (x) +∇f (x) · h + R(1)(x ,h),

Ù¥∇f (x) ∈ Rn.
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Ì�(J: γ(n,p) =⇒?

k ≥ 2: é?¿k ∈ Z+, f ∈ Ck (Rn)9x ,h ∈ Rn,

f (x + h) =
∑

{β∈Zn
+: |β|≤k}

∂βf (x)

β!
hβ + R(k)(x ,h)

= f (x) +
k∑

m=1

1
m!
σm(h) · ∇

(
Dm−1f

)
(x) · h + R(k)(x ,h),

Ù¥∇(Dm−1f )(x) ∈Mnm−1,n �÷v∣∣∣∇(Dm−1f
)

(x)
∣∣∣ = |∇mf (x)| .
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Ì�(J: γ(n,p) =⇒?

M̃nk−1,n :=

∇(Dk−1P
)

: P =
∑

{α∈Zn
+: |α|=k}

bαxα with bα ∈ C

 .

¯¢þ,en = 2 = k ,K

M̃nk−1,n =

{(
a b
b c

)
: a,b, c ∈ C

}
.
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Ì�(J: γ(n,p) =⇒?

é?¿q ∈ [1,∞), k ∈ N,9k.m8Q̂ ⊂ Rn,-

γ
(

n,q, k , Q̂
)

:= min
{A∈M̃nk−1,n: |A|=1}

1
k !

[
−
∫

Q̂

∣∣∣σk (x)Ax − P(k−1)

Q̂
(σk (·)A·) (x)

∣∣∣q dx
] 1

q

,

Γ
(

n,q, k , Q̂
)

:= max
{A∈M̃nk−1,n: |A|=1}

1
k !

[
−
∫

Q̂

∣∣∣σk (x)Ax − P(k−1)

Q̂
(σk (·)A·) (x)

∣∣∣q dx
] 1

q

.

(_ö�-àH�Æ) É²(12.20) 22 / 58



Ì�(J: γ(n,p) =⇒?

0 < γ(n,q, k , Q̂) ≤ Γ(n,q, k , Q̂) <∞.

γ(n,q,1, Q̂) = γ(n,q,1,R(Q̂)), ∀R ∈ O(Rn).

Γ(n,q,1, Q̂) = Γ(n,q,1,R(Q̂)), ∀R ∈ O(Rn).

γ(1,q, k , Q̂) = Γ(1,q, k , Q̂).

γ(n,q,1,B(0,1)) = Γ(n,q,1,B(0,1)).

If n, k ≥ 2,Kγ(n,q, k , Q̂) < Γ(n,q, k , Q̂).

k ,n = 2: Let A :=

(
1 0
0 0

)
and B :=

(
0
√

2
2√

2
2 0

)
.
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í21w5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,p(Rn)

Definition 4

�p,q ∈ [1,∞), k ∈ N, Q̂´,f5~5�ix{Qε(Rn)}ε∈(0,1)�ë�[

�.é?¿f ∈ L1
loc(Rn)9ε ∈ (0,1),-

τ εp,q

[
f , Q̂

]
:= sup
{Qε(Rn)}ε∈(0,1)

 ∑
Q∈Qε(Rn)

1
εkp−n

[
−
∫

Q

∣∣∣f (y)− P(k−1)
Q (f )(y)

∣∣∣q dy
] p

q


1
p

,

Ùþ(.�H¤kf5~5�ix{Qε(Rn)}ε∈(0,1).

(_ö�-àH�Æ) É²(12.20) 24 / 58



í21w5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,p(Rn)

Theorem 3

�p,q ∈ [1,∞)�k ∈ N÷vn( 1
p −

1
q ) < k,�Q̂´,f5~5�i

x{Qε(Rn)}ε∈(0,1)�ë�[��Q̂´òÿ«�.

(i) é?¿f ∈ Ẇ k ,p(Rn),

γ
(

n,q, k , Q̂
)
‖f‖Ẇ k,p(Rn) ≤ lim

ε→0+
τ εp,q

[
f , Q̂

]
≤ Γ

(
n,q, k , Q̂

)
‖f‖Ẇ k,p(Rn)

(ii) ep ∈ (1,∞),Kf ∈ Ẇ k ,p(Rn)��=�

lim inf
ε→0+

τ εp,q

[
f , Q̂

]
<∞.

• H. Jia, X. Yan & D. Yang, Math. Z. 311 (2025), no. 2, Paper No. 36, 57 pp.
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í21w5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,p(Rn)

Definition 5

�p,q ∈ [1,∞), k ∈ N,�òÿ«�Q̂´,~5�ix�ë�[�.é?
¿f ∈ L1

loc(Rn),-

κεp,q

[
f , Q̂

]
:= sup
Gε(Q̂)

 ∑
Q∈Gε(Q̂)

1
εkp−n

[
−
∫

Q

∣∣∣f (y)− P(k−1)
Q (f )(y)

∣∣∣q dy
] p

q


1
p

,

Ù¥þ(.�H¤kGε(Q̂),=üüØ��/Xh(Q̂ε), h ∈ E(Rn)�m8

x�N.[Gε(Q̂)¥�[�äk?¿��].
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í21w5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,p(Rn)

Theorem 4

�p,q ∈ [1,∞)�k ∈ N÷vn( 1
p −

1
q ) < k,�Q̂´,~5�ix�ë�

[��Q̂´òÿ«�.
(i) é?¿f ∈ Ẇ k ,p(Rn),

γ
(

n,q, k , Q̂
)
‖f‖Ẇ k,p(Rn) ≤ lim inf

ε→0+
κεp,q

[
f , Q̂

]
≤ lim sup

ε→0+

κεp,q

[
f , Q̂

]
≤ Γ

(
n,q, k , Q̂

)
‖f‖Ẇ k,p(Rn).

(ii) ep ∈ (1,∞),Kf ∈ Ẇ k ,p(Rn)��=�

lim inf
ε→0+

κεp,q

[
f , Q̂

]
<∞.

• H. Jia, X. Yan & D. Yang, Math. Z. 311 (2025), no. 2, Paper No. 36, 57 pp.
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í21w5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,p(Rn)

Theorem 5

�p,q ∈ [1,∞)�k = 1÷vn( 1
p −

1
q ) < 1,�Q̂´,~5�ix�ë�

[��Q̂´òÿ«�.Ké?¿f ∈ Ẇ 1,p(Rn),

lim
ε→0+

κεp,q

[
f , Q̂

]
= Γ

(
q, k ,n, Q̂

)
‖f‖Ẇ k,p(Rn).

• H. Jia, X. Yan & D. Yang, Math. Z. 311 (2025), no. 2, Paper No. 36, 57 pp.
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í2�È5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,X (Rn)

��AÏ�¹:
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í2�È5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,X (Rn)

5¿�:

lim
ε→0+

sup
{Qj}j∈Gε

εn−p
∑
j∈Gε

−
∫

Qj

∣∣∣f (x)− fQj

∣∣∣p dx

∼ lim
r→0+

∥∥∥∥∥∥r−1

[
−
∫

B(·,r)

∣∣f (y)− fB(·,r)

∣∣p dy

] 1
p

∥∥∥∥∥∥
p

Lp(Rn)

.

ù�·�Ò�±3�È5ºÝþ?1í2.

• H. Jia, J. Tao, D. Yang, W. Yuan & Y. Zhang, Sci. China Math. 65 (2022), 359–420.
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í2�È5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,X (Rn)

¡�ÿ¼ê�,�f8X�¥Banach¼ê�me

(i) ‖f‖X = 0⇒ f = 0 a.e.;

(ii) |g| ≤ |f | a.e. ⇒ ‖g‖X ≤ ‖f‖X ;

(iii) 0 ≤ fm ↑ f a.e. ⇒ ‖fm‖X ↑ ‖f‖X ;

(iv) é?¿B ⊂ Rn, 1B ∈ X ;

(v) é?¿f ,g ∈ X , ‖f + g‖X ≤ ‖f‖X + ‖g‖X ;

(vi) é?¿¥B ⊂ Rn,�3��êC(B)¦�,é?¿f ∈ X ,∫
B
|f (x)|dx ≤ C(B)‖f‖X .

• Y. Sawano, K.-P. Ho, D. Yang & S. Yang, Dissertationes Math. 525 (2017), 1–102.

(_ö�-àH�Æ) É²(12.20) 31 / 58



í2�È5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,X (Rn)

X�¹éõÍ¶¼ê�m:

• \�Lebesgue�mLp
ω(Rn)

• Lorentz�mLp,q(Rn)

• Orlicz�mLΦ(Rn)

• Morrey�mMp,q(Rn)

• ·Ü�êLebesgue�mL~p(Rn)

• Orlicz-slice�m(E r
Φ)t (Rn)

...
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í2�È5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,X (Rn)

Definition 6
�k ∈ Z+�X�¥Banach¼ê�m. ¥Banach Sobolev�mẆ k ,X (Rn)
½Â�¤kf ∈ L1

loc(Rn)÷v|∇k f | ∈ X�8Ü�ä�[�ê

‖f‖Ẇ k,X (Rn) := ‖ |∇k f | ‖X .

Definition 7
¥Banach¼ê�mX��'�mX ′ ½Â�

X ′ := {f ∈M(Rn) : ‖f‖X ′ <∞} ,

Ù¥

‖f‖X ′ := sup
{
‖fg‖L1(Rn) : g ∈ X , ‖g‖X = 1

}
.
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í2�È5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,X (Rn)

Definition 8
�X�Banach¼ê�m�p ∈ (0,∞). Ùp-àzX p½Â�

X p := {f ∈M(Rn) : |f |p ∈ X}

�ä�[�ê‖f‖X p := ‖ |f |p ‖1/p
X .
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í2�È5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,X (Rn)

Definition 9
¡¥Banach¼ê�mXäkýéëY�êe,é?¿f ∈ X9?¿�ÿ8
x{Ej}j∈N ⊂ Rn �Ej+1 ⊂ Ej9

⋂
j∈N Ej = ∅, ‖f1Ej‖X ↓ 0 as j →∞.

Definition 10
é?¿r ∈ (0,∞),¥%¥²þ�fBr½Â�,é?¿f ∈ L1

loc(Rn)
9x ∈ Rn,

Br (f )(x) := −
∫

B(x ,r)
|f (y)|dy .

• F. Dai, L. Grafakos, Z. Pan, D. Yang, W. Yuan & Y. Zhang, Math. Ann. 388 (2024),

1691-1768.
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í2�È5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,X (Rn)

Definition 11
�X�¥Banach¼ê�m. ¡¥%¥4��f{Br}r∈(0,∞) 3Xþ��k
.e�3�~êC¦�,é?¿f ∈ X,

sup
r∈(0,∞)

‖Br (f )‖X ≤ C‖f‖X .

‖M(f )‖X ≤ C‖f‖X =⇒ sup
r∈(0,∞)

‖Br (f )‖X ≤ C‖f‖X .

{Br}r∈(0,∞) 3L1(Rn)þ��k.,ùéMØ¤á.
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í2�È5�I: Ẇ 1,p(Rn) =⇒ Ẇ k ,X (Rn)

Theorem 6

-k ∈ N, p,q ∈ [1,∞)÷vn( 1
p −

1
q ) < k,�X�X

1
p�¥Banach¼ê�

m. e{Br}r∈(0,∞) 3Xþk., X�X ′kýéëY�ê,Kf ∈ Ẇ k ,X (Rn)

��=�

‖f‖(1)

Ẇ k,X (Rn)
:= lim

r→0+

∥∥∥∥∥∥r−k

[
−
∫

B(·,r)

∣∣∣f (y)− P(k−1)
B(·,r) (f )(y)

∣∣∣q dy

] 1
q

∥∥∥∥∥∥
X

<∞.

�é?¿f ∈ Ẇ k ,X (Rn),

γ(n,q, k ,B(0,1))
∥∥ ∣∣∇k f

∣∣ ∥∥
X ≤ ‖f‖

(1)

Ẇ k,X (Rn)
≤ Γ(n,q, k ,B(0,1))

∥∥ ∣∣∇k f
∣∣ ∥∥

X .

• H. Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.
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Theorem 7

-k ∈ N, ~p ∈ [1,∞]n, q ∈ [1,∞)÷vn( 1
p− −

1
q ) < k. K∀ f ∈ Ẇ k ,L(·)

,

γ(n,q, k ,B(0,1))
∥∥ ∣∣∇k f

∣∣ ∥∥
L~p ≤ ‖f‖

(1)

Ẇ k,L~p
≤ Γ(n,q, k ,B(0,1))

∥∥ ∣∣∇k f
∣∣ ∥∥

L~p .

5¿�,�~p ∈ [1,∞)n�p− = 1�, Hardy–Littlewood4��fØ�
½3(L~p)′þk.,ÏdW 1,L~p�BBMúªØ�½¤á. �d�¥%¥
²þ�f3L~pþk.,ÏdW 1,L~p�VMO.úª¤á.

• H. Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.
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é?¿β ∈ R9f ∈ S ′(Rn)/P(Rn),ÙRiesz ³Iβf½Â�

Iβf := F−1
[
(2π| · |)−βF f

]
;

\��mḢ1,p
ω : f ∈ S ′(Rn)/P(Rn)¦�‖f‖Ḣ1,p

ω (Rn)
:= ‖I−1f‖Lp

ω
<∞.

\�Sobolev�m

Ẏ 1,p
ω :=

{
Ẇ 1,p
ω if n = 1 or p = 1,

Ḣ1,p
ω if n ∈ N ∩ [2,∞) and p ∈ (1,∞).
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Theorem 8

-ω ∈ L1
loc�K, p ∈ [1,∞),�òÿ«�Q̂ ´Rnþ,�i�ë�[�.K

±e�d:
(i) ω ∈ Ap(Rn).

(ii) �3C ∈ (0,∞)¦�,é?¿f ∈ Ẏ 1,p
ω ∩ L1

loc,

sup
r∈(0,∞)

∥∥∥∥∥∥1
ε

[
−
∫

B(·,r)

∣∣f (y)− fB(·,r)

∣∣q dy

] 1
q

∥∥∥∥∥∥
Lp
ω

≤ C‖f‖Ẏ 1,p
ω
.

(iii) �3q ∈ [1,∞)ÚC ∈ (0,∞)¦�,é?¿ε ∈ (0,∞),~5�
iQε(Rn) (Q̂�Ùë�[�), f ∈ Ẏ 1,p

ω ∩ L1
loc,

sup
{Qε(Rn)}ε∈(0,∞)

 ∑
Q∈Qε(Rn)

ω(Q)

εp

[
−
∫

Q
|f (y)− fQ |q dy

] p
q


1
p

≤ C‖f‖Ẏ 1,p
ω
.
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-p > 1. ‖f‖W 2,p ∼ ‖f‖Lp + ‖∆f‖Lp ,Ù¥∆ =
∑n

i=1
∂2

∂2xi
.

-p > 1. f ∈W 2,p(Rn)��=�f ∈ Lp(Rn)��3g ∈ Lp(Rn)¦�

S2(f ,g)(·) :=

{∫ ∞
0

∣∣∣∣ fB(·,t) − f (·)
t2 − gB(·,t)

∣∣∣∣2
} 1

2

∈ Lp(Rn)

and
‖∆f‖Lp ∼ ‖S2(f ,g)‖Lp(Rn).

• R. Alabern, J. Mateu & J. Verdera, Math. Ann. 354 (2012), 589–626.
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óê��/: fB(x ,r) =⇒ fB(y ,r)

Theorem 9
�p ∈ (1,∞)�q ∈ [1,p]. Kf ∈W 2,p(Rn)��=�f ∈ X�

lim inf
r→0+

∥∥∥∥∥∥r−2

[
−
∫

B(·,r)

∣∣f (y)− fB(y,r)

∣∣q dy

] 1
q

∥∥∥∥∥∥
Lp(Rn)

<∞.

�é?¿f ∈W 2,X (Rn),

lim
r→0+

∥∥∥∥∥∥r−2

[
−
∫

B(·,r)

∣∣f (y)− fB(y,r)

∣∣q dy

] 1
q

∥∥∥∥∥∥
Lp(Rn)

=
1

2(n + 2)
‖∆f‖Lp(Rn) .

• H. Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.
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óê��/: fB(x ,r) =⇒ fB(y ,r)

é?¿k ∈ N9x ∈ Rn,-

D1
h f (x) := f

(
x +

h
2

)
− f
(

x − h
2

)
and Dk

h := D1
hDk−1

h .

Ké?¿r ∈ (0,∞)9x ∈ Rn,

f (x)− fB(x ,r) = f (x)− 1
2
−
∫

B(0,1)
[f (x + ry) + f (x − ry)] dy

= −1
2
−
∫

B(0,1)
[f (x + ry) + f (x − ry)− 2f (x)] dy

= −1
2
−
∫

B(0,1)
D2

ry f (x) dy .

• F. Dai, A. Gogatishvili, D. Yang & W. Yuan, Nonlinear Anal. 128 (2015), 86–99
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óê��/: fB(x ,r) =⇒ fB(y ,r)

g,/�±½Âp�¥²þ�fBk ,r : é?¿k ∈ N9f ∈ L1
loc(Rn),

f (x)− Bk ,r f (x) = − 1
Ck
−
∫

B(0,1)
D2k

ry f (x) dy ,

Ù¥Ck := (−1)k+1(2k
k

)
.

• F. Dai, A. Gogatishvili, D. Yang & W. Yuan, Nonlinear Anal. 128 (2015), 86–99
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óê��/: fB(x ,r) =⇒ fB(y ,r)

Theorem 10

�¤kPÒX½n7. b�Hard–Littlewood4��fM3Xþk..
Kf ∈W 2k ,X (Rn)��=�f ∈W 2k−2,X (Rn)�

‖f‖(2)

Ẇ k,X (Rn)
:= lim

r→0+

∥∥∥∥∥∥r−2k

[
−
∫

B(·,r)

|f (y)− Bk,r f (y)|q dy

] 1
q

∥∥∥∥∥∥
X

<∞.

�é?¿f ∈W 2k ,X (Rn),

‖f‖(2)

Ẇ k,X (Rn)
= ak

∥∥∆k f
∥∥

X ,

Ù¥ak := 1(2k
k

) 1·3· ··· ·(2k−1)
(n+2)(n+4)···(n+2k) .

• H. Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.
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Theorem 11 (Bourgain–Brezis–Mironescuúª)
-{ρε}ε∈(0,∞) ´�K»�¼êx�÷v∀ ε ∈ (0,∞),

∫
Rn ρε(|x |) dx = 1,

lim
ε→0+

∫
Rn\B(0,δ) ρε(|x |) dx = 0.

lim
ε→0+

∫
Rn

∫
Rn

|f (x)− f (y)|p

|x − y |p
ρε(|x − y |) dy dx =

K (p,n)

p

∫
Rn
|∇f (x)|p dx ,

Ù¥

K (p,n) :=

∫
Sn−1

v · e dσ(v) =
2π

n−1
2 Γ(p+1

2 )

Γ(p+n
2 )

=�6upÚn.

• J. Bourgain, H. Brezis & P. Mironescu, Optimal Control and Partial Differential Equations,
pp. 439–455. IOS, Amsterdam, 2001.

• H. Brezis, Russ. Math. Surv. 57 (2002), 693–708.
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Corollary 1
-

ρε(r) :=


1

prn−εpε
εp
2 −1

, r ∈ (0, ε−
1
2 ),

0, r ∈ [ε−
1
2 ,∞).

K∀p ∈ [1,∞), f ∈W 1,p(Rn),

lim
s→1−

(1− s)

∫
Rn

∫
Rn

|f (x)− f (y)|p

|x − y |n+sp dy dx =
K (p,n)

p

∫
Rn
|∇f (x)|p dx .
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Corollary 2
-

ρε(r) :=


(n + mp)rmp

εn+mp , r ∈ (0, ε),

0, r ∈ [ε,∞).

K∀p ∈ [1,∞), f ∈W 1,p(Rn),

lim
ε→0+

∫
Rn
−
∫

B(x ,ε)

|f (x)− f (y)|p

|x − y |p
dy dx =

K (p,n)

p

∫
Rn
|∇f (x)|p dx .
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Question 1
´Äf ∈ Ẇ k ,X (Rn)��=�

lim
ε→0+

∥∥∥∥∥∥∥
∫

Rn

|f (y)− P(k−1)
B(·,ε) (f )(y)|q

| · −y |kq ρε(· − y) dy

 1
q

∥∥∥∥∥∥∥
X

<∞.
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Question 2
´Äf ∈ Ẇ k ,X (Rn)��=�

lim
ε→0+

∥∥∥∥∥
[∫

Rn

|f (y)− Bk ,ε(f )(y)|q

| · −y |2kq ρε(· − y) dy
] 1

q

∥∥∥∥∥
X

<∞.
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Proposition 1

é?¿p ∈ [1,∞), f ∈W 1,p(Rn)⇔ f ∈ Lp(Rn)�∃v ∈ Lp(Rn,Rn)¦�

lim
r→0+

∫
Rn
−
∫

B(0,r)

|f (x + h)− f (x)− v(x) · h|p

|h|p
dh dx = 0.

• D. Spector, C. R. Math. Acad. Sci. Paris, 353 (2015), 327–332.
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Proposition 2

f ∈W k ,X��=�f ∈W k−1,X�éA�??x ∈ Rn,�3H(x) ∈Mnk−1,n
¦�|H| ∈ X�

lim
r→0+

∥∥∥∥∥∥ 1
r k

[
−
∫

B(0,r)

∣∣∣∣f (·+ h)− T k−1
· (f )(·+ h)− 1

k !
σk (h)H(·)h

∣∣∣∣q dh

] 1
q

∥∥∥∥∥∥
X

= 0,

Ù¥T k−1
· (f )´(k − 1)g�Vúª. d	,é?¿f ∈W k ,X ,

lim
r→0+

∥∥∥∥∥∥ 1
r k

[
−
∫

B(0,r)

∣∣f (·+ h)− T k
· (f )(·+ h)

∣∣q dh

] 1
q

∥∥∥∥∥∥
X

= 0. (1)

• H. Jia, X. Yan & D. Yang, Math. Z. 311 (2025), Paper No. 36, 57 pp.
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Question 3
´Äf ∈W k ,X��=�f ∈W k−1,X�éa.e.x ∈ Rn, ∃H(x) ∈Mnk−1,n¦
�|H| ∈ X �

lim
r→0+

∥∥∥∥∥∥
[
−
∫

B(0,r)

|f (·+ h)− T k−1
· (f )(·+ h)− 1

k!σk (h)H(·)h|q

|h|kq dh

] 1
q

∥∥∥∥∥∥
X

= 0.
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Question 4
´Äf ∈W k ,X��=�f ∈W k−1,X �

lim
r→0+

∥∥∥∥∥∥ 1
r k

[
−
∫

B(·,r)

∣∣∣f (y)− P(k)
B(·,r)(f )(y)

∣∣∣q dy

] 1
q

∥∥∥∥∥∥
X

= 0

½ö

lim
r→0+

∥∥∥∥∥∥∥
∫

B(·,r)

|f (y)− P(k)
B(·,r)(f )(y)|q

| · −y |qk ρr (· − y) dy

 1
q

∥∥∥∥∥∥∥
X

= 0.
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