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Úó

Ñt�§µ

∆xu(x , y) = f (x , y), (x , y) ∈ Bx × By .

u(x , y) = (f (·, y) ∗ Γ) (x).

Ún4.4

�B1 := BR(x0)ÚB2 := B2R(x0)�Rn¥ü�Ó%¥, b�f ∈ Cα (B2),
0<α<1, ¿�3B2þ½Âu := (f ∗ Γ) (x), Ku ∈ C 2,α (B1).

[1] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second order, Springer, 1983. 319

(2001), no. 1, 89õ149.
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Úó

¯K1. f (x , ·) ∈ Cα (By ), u(x , ·) ∈ Cα (By )?
¯K2. f (x , ·) ∈ Lp,Morrey ,BMO, u(x , ·) ∈?
¯K3. ¹ëþ�àg�Üiù�§�A^.
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½Â1

�Ω�Rn�?¿f8, 0<α<1. XJ�3~êCα>0, ¦�é
u∀x , y ∈ Ω, ÷v

|f (x)− f (y)| ≤ Cα|x − y |α,

K¡f3Ωþ´HölderëY�.
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¹ëþÑt�§)�Moeery, Lp , Sobolev�O
¹ëêÑt�§)�BMO�O

¹ëþÑt�§)�Hölder�O

½Â2

�Ω�Rn�?¿f8, 0<α<1. XJ¼êf3Ω�?¿;f8þ
´HölderëY�, ¡¼êf3Ωþ´ÛÜHölder ëY.

½Â3

�Ωx�Rn¥�?�f8, Ωy�Rm¥?�f8, 0<α<1. XJ�3~
êCα>0, ¦�éu∀x1, x2 ∈ ΩxÚ∀y1, y2 ∈ Ωy , ÷v

|f (x , y1)− f (x , y2)| ≤ Cα|y1 − y2|α,

K¡éu∀x ∈ Ωx , f (x , ·)3Ωyþ´��HölderëY�.

¹ëêÑt�§)��
�O



Úó
¹ëþÑt�§)�Hölder�O
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Ún1

�B := BR(x0)´Rn¥�?�¥, ¼êf3¥Bþ�È�k., u´¼
êf3Bþ�Úî ³. Ku ∈ C 1 (B), �éu∀x ∈ BÚ?¿
�i = 1, . . . , n, k

∂u(x)

∂xi
=

∫
B

Γ(x − y)

∂xi
f (t)dt;

∂u(x)

∂xi
=

∫
B1

Γ(x − y)

∂xi
[f (t)− f (x)] dt − f (x)

∫
∂B1

Γ(x − t)νi (t)dSt ,

ùpB1´?¿���¹B�¥, ¿�f3¥B	òÿ�0, νi (t)´>
.∂B1'ut�ü 	{�þ�1i�©þ.
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Ún2[1, Ún4.2.]

�B := BR(x0)´Rn¥?�¥, ¼êf3¥Bþk.�ÛÜHölderëY,
u´¼êf3Bþ�Úî ³. Ku ∈ C 2 (B), ∆u = f , �éu∀x ∈ B
Úi , j = 1, . . . , n, k

∂2u(x)

∂xi∂xj
=

∫
B1

∂2Γ(x − t)

∂xi∂xj
[f (t)− f (x)] dt− f (x)

∫
∂B1

∂Γ(x − t)

∂xi
νj(t)dSt ,

ùpB1´�¹B�?�¥, ¿�f3B	òÿ�0, νj(t)´>.∂B1'
ut�ü 	{�þ�1j�©þ.

[1] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second order, Springer, 1983. 319

(2001), no. 1, 89õ149.
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Ún3[1, Ún4.4.]

�B1 := BR(x0)ÚB2 := B2R(x0)�Rn¥ü�Ó%¥, b�f ∈ Cα (B2),
0<α<1, ¿�3B2þ½Âu := (f ∗ Γ) (x), Ku ∈ C 2,α (B1).

[1] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second order, Springer, 1983. 319

(2001), no. 1, 89õ149.
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½n1

�0<α<1, Bx
1 := BR(x0)ÚBx

2 := B2R(x0)´Rn¥�ü�Ó%¥,
By := BR̃(y0)´Rm¥?�¥, ¿��f´|3Bx

2 × By þ�¼ê.
3Bx

2 × Byþ½Âu(x , y) = (f (·, y) ∗ Γ) (x).

(i) XJéu∀y ∈ By , f (·, y)3Bx
2þ´��HölderëY�, Kéu?¿

�õ­�I|β| ≤ 2Ú∀y ∈ By , Dβ
x u(·, y)3Bx

1þ´��HölderëY�.

(ii) XJéu∀y ∈ By , ¼êf (x , y)'ux3Bx
2þ´k.Ú�È�, ¿�

éu∀x ∈ Bx
2 , f (x , ·)3Byþ´��HölderëY�, Kéu?¿�õ­�

I|β| ≤ 1Úx ∈ Bx
2 , Dβ

x u(x , ·)3Byþ´��HölderëY�.
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¹ëþÑt�§)�Hölder�O

(iii) XJéu∀x ∈ Bx
2 ,f (x , ·)3Byþ´��HölderëY�,

f ∈ L∞ (Bx
1 × By ), ¿�éu∀y ∈ By , f (·, y)3Bx

2þ´�
�HölderëY�, Kéu?¿�i = 1, . . . , nÚx ∈ Bx

1 , y ∈ By , k

∂u

∂xi
∈ Cα (Bx

1 × By ) .
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(iv) XJéu∀x ∈ Bx
2 ,

(a)f (x , ·)3Byþ´��HölderëY�;
(b)f ∈ L∞ (Bx

1 × By );
(c) éu∀y ∈ By , f (·, y)3Bx

2þ´��HölderëY�,
Kéux1, x2 ∈ Bx

1 , y1, y2 ∈ By , x1 6= x2Úi , j = 1, . . . , n, k∣∣∣∣∂2u(x1, y1)

∂xi∂xj
− ∂2u(x2, y2)

∂xi∂xj

∣∣∣∣
≤Cn,α,R max{1, ‖f ‖L∞(Bx

1×By)} (|x1 − x2|α + |y1 − y2|α

+
|y1 − y2|α

|x1 − x2|

)
.
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5P1

XJ·�ÀJ?¿ü��Ωx
1 ⊂ Bx

1ÚΩx
2 ⊃ Bx

25O�Bx
1ÚBx

2 , K½
n1�(ØE,¤á.

·��½n1´éGilbargÚTrudingerÚn4.4[1]�ÿÐ, ·�Ø=
Ö�
'uÚî ³�"�Ú��HölderëY5, ��Ñ
¹ë
ê�Úî ³'uëê�HölderëY.�OÚ3¦È�mþ�·
Ü�O, ÙØv�?3u¹ëê�Úî ³�'ux����ê
3¦È�mþ��OÃ{����5. e¡·�ò½n1�(Ø
í2�Morrey�m, Lp�m, Sobolev�mÚBMO �m.
[1] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second order, Springer, 1983. 319

(2001), no. 1, 89õ149.
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½Â4[2, p. 13]

�B := BR(x0)´Rn¥?�¥, éu?¿�0<q, p ≤ ∞. KMp
q�m½Â

�:
Mp

q(B) := {g ∈ Lqloc(B) : ||g ||Mp
q(B)<∞},

Ù¥

||g ||Mp
q(B) := sup

Br (z)⊂B
|Br (z)|

1
p−

1
q

(∫
Br (z)

|g(t)|qdt

) 1
q

.

[2] Sawano Y. Morrey Spaces: Introduction and Applications to Integral Operators and PDE’s, Volume I. London:

Taylor & Francis, 2020.
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½Â5[3, p. 60]

�α�õ­�I, m´�K�ê, 1 ≤ p ≤ ∞. KSobolev�m½Â�µ
Wm,p(Rn) := (g ∈ Lp(Rn)|Dαg ∈ Lp(Rn), 0 ≤ |α| ≤ m) ,

�1 ≤ p<∞�§

||g ||m,p :=

 ∑
0≤|α|≤m

||Dαg ||pp

 1
p

,

�p =∞�§
||g ||m,∞ := max

0≤|α|≤m
||Dαg ||∞,

Dα��´f�ê.

[3] Adams R A, Fournier J J F. Sobolev Spaces. Amsterdam: Elsevier\Academic Press, 2003.
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½n2

�Bx := BR(x0)´Rn¥?�¥, By := BR̃(y0)´Rm¥?�¥,
1 ≤ q, p ≤ ∞. �f (x , y)'ux3Bxþk.��È, 3¦È�m
Bx × By þ½Âu(x , y) := (f (·, y) ∗ Γ) (x).
(i) XJéu∀x ∈ Bx , f (x , ·) ∈Mp

q (By ), Kéu?¿�õ­�

I|β| ≤ 1Ú∀x ∈ Bx , kDβ
x u(x , ·) ∈Mp

q (By ).
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(ii) XJ¼êf (x , y)÷v
(a) f (x , y)'ux3¥Bxþk.�ÛÜHölderëY;
(b) éu∀x ∈ Bx , f (x , ·) ∈Mp

q (By );
(c) éu∀x ∈ BxÚy ∈ By , �3~êε ≥ 0, ¦�

|f (x1, y)− f (x2, y)| ≤ Cα,ε|y − y0|ε|x1 − x2|α,

Kéu?¿�i , j = 1, . . . , nÚ∀x ∈ Bx , k∂2u(x ,·)
∂xi∂xj

∈Mp
q (By ).
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Ï��p = q�, Mp
q (B) = Lp (B), ¤±�â½n2, �p = q�·

��±��Lp�mÚSobolev�mþ�XeíØ1Ú2.

íØ1

�Bx := BR(x0)´Rn¥?�¥, By := BR̃(y0)´Rm¥?�¥,
1 ≤ p ≤ ∞. �3¥Bxþ¼êf'uxk.��È, 3¦È�mBx × By

þ½Âu(x , y) := (f (·, y) ∗ Γ) (x).
(i) XJéu∀x ∈ Bx , f (x , ·) ∈ Lp (By ), Kéu?¿�õ­�
I|β| ≤ 1Ú∀x ∈ Bx , kDβ

x u(x , ·) ∈ Lp (By ).
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(ii) XJ¼êf (x , y)÷v
(a) f (x , y)'ux3¥Bxþk.�ÛÜHölderëY;
(b) éu∀x ∈ Bx , f (x , ·) ∈ Lp (By );
(c) éu∀x ∈ BxÚy ∈ By , �3~êε ≥ 0, ¦�

|f (x1, y)− f (x2, y)| ≤ Cα,ε|y − y0|ε|x1 − x2|α,

Kéu?¿�i , j = 1, . . . , nÚ∀x ∈ Bx , k∂2u(x ,·)
∂xi∂xj

∈ Lp (By ).

¹ëêÑt�§)��
�O



Úó
¹ëþÑt�§)�Hölder�O
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íØ2

�Bx := BR(x0)´Rn¥?�¥, By := BR̃(y0)´Rm¥?�¥,
1 ≤ p ≤ ∞. �3¥Bxþ¼êf'uxk., �È�ÛÜHölderëY, 3
¦È�mBx × Byþ½Âu(x , y) := (f (·, y) ∗ Γ) (x).
XJéu∀x ∈ Bx , f (x , ·) ∈ Lp (By ), ¿�éu∀x ∈ BxÚy ∈ By , �3
~êε ≥ 0, ¦�

|f (x1, y)− f (x2, y)| ≤ Cα,ε|y − y0|ε|x1 − x2|α,

Kéu?¿�i , j = 1, . . . , nÚ∀x ∈ Bx , ku(x , ·) ∈W 2,p (By )Ú
∂u(x,·)
∂xi

∈W 1,p (By ).
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½Â6[4, p. 415]

�B := BR(x0)�Rn¥?¿¥, KBþ�BMO�m½Â�µ
BMO (B) := {g ∈ L1

loc (B) : ||g ||BMO(B)<∞},
Ù¥

||g ||BMO(B) := sup
Br (z)⊂B

1

|Br (z)|

∫
Br (z)

|g(x)− gBr (z)|dx .

[4] John F, Nirenberg L. On functions of bounded mean oscillation. Communications on Pure and Applied

Mathematics., 14 (1961), 415-426.
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½n3

�Bx := BR(x0)´Rn¥?�¥, By := BR̃(y0)´Rm¥?�¥.
f´Bx × Byþ��È¼ê, ¿�u(x , y) := (f (·, y) ∗ Γ) (x).
(i) XJéu∀x ∈ Bx , f (x , ·) ∈ BMO (By ), Kéu∀x ∈ Bx , k

u(x , ·) ∈ BMO (By ).

(ii) XJéu∀x ∈ Bx , f (x , ·) ∈ BMO (By ), ¿�f (x , y)'ux3Bxþk

., Kéu?¿�i = 1, . . . , nÚ∀x ∈ Bx , k∂u(x,·)
∂xi

∈ BMO (By ).
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(iii) XJ¼êf (x , y)÷v
(a) f (x , y)'ux3¥Bxþk.�ÛÜHölderëY;
(b) éu∀x ∈ Bx , f (x , ·) ∈ L∞ (By );
(c) éu∀x ∈ BxÚy ∈ By , �3~êε ≥ 0, ¦�

|f (x1, y)− f (x2, y)| ≤ Cα,ε|y − y0|ε|x1 − x2|α,

Kéu?¿�i , j = 1, . . . , nÚ∀x ∈ Bx , k∂2u(x ,·)
∂xi∂xj

∈ BMO (By ).
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A^

∂u((x , y), z)

∂x
− ∂v((x , y), z)

∂y
= φ((x , y), z) (1)

∂u((x , y), z)

∂y
+
∂v((x , y), z)

∂x
= ψ((x , y), z), (2)

Ù¥¥Bxy ⊂ R2, Bz ⊂ Rn, ((x , y), z) ∈ Bxy × Bz . §3E©Û�
 �©�§�méX�nØ�¡äk­�¿Â, �^uïÄÃX
E�¼ê���5�¯K, ��²¡|��
¯K(X6NåÆÚ
>^Æ�+��²¡|¯K)k'.
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A^

½n4

�Bxy�R2¥�?¿¥, Bz�Rn¥?¿¥. éu∀z ∈ Bz , evÚu÷v¹
ëCþ��àg�Üiù�§(1)Ú(2), ¿�
φ(·, z), ψ(·, z) ∈ C 2

c

(
R2
)
, φ(·, z)Úψ(·, z)þ|3Bxyþ, K

(i) XJ¼êf := ∂φ
∂x + ∂ψ

∂y÷v½n1, 2, 3ÚíØ1, 2�b�^�, ¿�

¼êf ((x , y), z)3Bxyþ'u(x , y)´k.�ÛÜHölderëY�, Kþã
½n�(JA^u�§�)u((x , y), z) := (f (·, z) ∗ Γ) (x , y)þÓ�¤
á.
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¹ëþÑt�§)�Moeery, Lp , Sobolev�O
¹ëêÑt�§)�BMO�O

A^

(ii) XJ¼êg := ∂ψ
∂x −

∂φ
∂y÷v½n1, 2, 3ÚíØ1, 2�b�^

�, ¿�¼êg((x , y), z)3Bxyþ'u(x , y)´k.�Û
ÜHölderëY�, Kþã½n�(JA^u�§�)
v((x , y), z) := (g(·, z) ∗ Γ) (x , y)þÓ�¤á.
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A^

e¡·��Ñ½n4�y², ·�©nÚ5�Ñy².
(i) ·�Äkò¹ëê��àg�Üiù�§=z�¹ëê�Ñ
t�§, ¿�yu((x , y), z) = (f (·, z) ∗ Γ) (x , y)Ú
v((x , y), z) = (g(·, z) ∗ Γ) (x , y)´¹ëêÑt�§�).
éu∀(x , y) ∈ BxyÚ∀z ∈ Bz , ·�é(1)ªü>'ux¦�,
é(2)ªü>'uy¦���{

∂2u
∂x2 − ∂2v

∂x∂y = ∂φ
∂x

∂2u
∂y2 + ∂2v

∂x∂y = ∂ψ
∂y

⇒ ∆u =
∂φ

∂x
+
∂ψ

∂y
= f . (3)

Ón, ·���
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A^

∆v =
∂ψ

∂x
− ∂φ

∂y
= g . (4)

duf ((x , y), z)Úg((x , y), z)3¥BxyþÑ´k.ÚÛÜHölderë
Y�, Ïd�âÚn2, ·���u((x , y), z) = (f (·, z) ∗ Γ) (x , y)Ú
v((x , y), z) = (g(·, z) ∗ Γ) (x , y) ©O´(3)Ú(4)�).
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A^

(ii) �yu((x , y), z) = (f (·, z) ∗ Γ) (x , y)Úv((x , y), z) =
(g(·, z) ∗ Γ) (x , y)´(1)Ú(2)�).
�x̃ := (x , y). Ï�φ(·, z), ψ(·, z) ∈ C 2

c

(
R2
)
¿�φ(·, z)Úψ(·, z)|

3Bxyþ, ¤±

∂u

∂x
=

∫
R2

Γ(t)

(
∂2φ

∂x2
+

∂2ψ

∂x∂y

)
(x̃ − t)dt

∂v

∂y
=

∫
R2

Γ(t)

(
∂2ψ

∂x∂y
− ∂2φ

∂y2

)
(x̃ − t)dt. (5)

qÏ�φ(·, z) ∈ C 2
c

(
R2
)
Ú∆x̃φ ∗ Γ = φ(ë�[5, ½n1.]), K

ò(5)¥üª�~, ·���
[5] Evans L C. Partial Differential Equations. American Mathematical Society, 2022.
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∂u

∂x
− ∂v

∂y
=

∫
R2

Γ(t)

(
∂2φ

∂x2
+

∂2ψ

∂x∂y
− ∂2ψ

∂x∂y
+
∂2φ

∂y2

)
(x̃ − t)dt

=

∫
R2

Γ(t)∆x̃φ(x̃ − t)dt = ∆x̃φ ∗ Γ = φ,

ùL²u = f ∗ Γ´(1)�). Ón·���±��v = g ∗ Γ´(2)�
).
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A^

(iii) ��·��yuÚv÷v½n1, 2, 3ÚíØ1, 2.
�â(i)Ú(ii)·���u = f ∗ ΓÚv = g ∗ Γ´(1), (2), (3)Ú(4)�
). ���â½n1, 2, 3ÚíØ1, 2, ·���ù
½n�(Ø©
O·^uu = f ∗ ΓÚv = g ∗ Γ��¹.
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¹ëþÑt�§)�Moeery, Lp , Sobolev�O
¹ëêÑt�§)�BMO�O

���[!

¹ëêÑt�§)��
�O


	ÒýÑÔ
	º¬²ÎÁ¿²´ËÉ·½³Ì½âµÄHlder¹À¼Æ
	º¬²ÎÁ¿²´ËÉ·½³Ì½âµÄMoeery, Lp, Sobolev¹À¼Æ
	º¬²ÎÊý²´ËÉ·½³Ì½âµÄBMO¹À¼Æ

