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@ x,x + d, x + 2d: 3AP- 3 term arithmetic progressions

R(N) :=sup{#(A): Ac {0,1,...,N—1}, Acontains no 3AP}.

Ne~<(09M? < R(N) < Ne~c(oaM)?

@ Upper bound:
Roth (1953 JLMS): 155105 Iog,\,,
Heath-Brown (1987 JLMS); Szemerédi (1990 AMH); Bourgain
(1999 GAFA); Sanders(2011 Annals); Bloom-Sisask (2020 Acta):

(Iog N)C’
1
Kelley-Meka(2023): Nec(09N)®

@ Lower bound: Behrend (1946 PNAS); Elkin (2011 IJM), Green
and Wolf
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Related problems

@ Different spaces, different scales, different structures

@ Every subset of prime of positive upper density contains an
arithmetic progression of length three. (Green, 2005, Ann.)

@ The primes contain arbitrarily long arithmetic progressions.
(Green and Tao, 2008, Ann.)

@ Kakeya Conjecture: Every Besicovitch set in R” has Hausdorff
dimension n.

@ Falconer Distance Set Conjecture: If E ¢ R” has Hausdorff
dimension lager than n/2, E — E has positive Lebesgue measure.

@ Other structures: x, x + t, x + P(t); triangle; square; infinite set
(Erdos)...
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Continuous case

@ If E C [0, 1] contains no 3-AP, then |E| = 0.
@ How “big” is E with |[E| = 07
@ Hausdorff measure H° of A, s > 0, is defined as

HE(A) 1= lim H3(A),

where, for § € (0, =],
j

HE(A) = inf {C(s) S d(E)*: AcUiE,d(E) < 5} .

The Hausdorff dimension of A ¢ R is

dimy A :=inf{s: H%(A) =0} =sup{s: H°(A) = x}.

WA ST E - B - M 20259124218 5/21



Lemma (Frostman’s Lemma)

For A C R", H3(A) > 0 if and only if there is a probability 1. support on
A such that

w(B(x,r)) < rf,¥x eR"r>0.

In particular,

dimy A: =sup{s<n: Jue M(A), s.t. u(B(x,r)) < r° Vx € R"}.

v

@ The s-energy of p is defined as

) = [ 1x = y172 dux) duty) =2(n.9) [ [aCPIxI> " dx

@ dimyA:=sup{s<n: Iuec M(A), s.t. Is(p) < oo}.
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Fourier dimension and Random fractal

@ The Fourier dimension of A Cc R is

dime A :=sup{s < n: Ju e M(A) s.t.]i(x)| < |x|~%/2,vx e R"}.
o Example: [3(x)| = 1, [Tjo.)(x)| = | fy e 2™™dt| < |x|~",
@ If |fi(x)| < |x|75/2, then I(u) < oo, Vt < s. Thus,

dimg(A) < dimy(A).

@ Aset Ais a Salem set, if dimg(A) = dimy(A).

@ Cantor set C, dimy C = :ggg and dimg C = 0.

log2

@ Random Cantor set C, dimy C = dimg C = 1553.
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Discrete to Continuous

@ Keleti construct a compact subset E of [0, 1] with Hausdorff
dimension 1 such that E contains no 3-term arithmetic
progressions.

@ Shmerkin proved that there exist a compact Salem set E with
Fourier dimension 1 such that E contains no 3-term arithmetic
progressions.

@ T. Keleti, A 1-dimensional subset of the reals that intersects each of its translates in at
most a single point, Real Anal. Exchange 24, no. 2 (1998/1999): 843-4.

@ P. Shmerkin, Salem sets with no arithmetic progressions, Int. Math. Res. Not. IMRN 2017,
no. 7, 1929-1941.
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Structural richness of Random fractal

F:={ax+by=cz: abcecZ,anda+ b=c}

@ Fraser and Pramanik show that there exist a compact set with
Hausdorff dimension 1 such that E contains no solutions of any
equation in F.

@ R. Fraser and M. Pramanik, Large Sets Avoiding Patterns, Anal. PDE 11 (2018), no. 5,
1083-1111.
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Structural richness of Random fractal

F:={ax+by=cz: abcecZ anda+b=c}

Theorem (L. and Pramanik 2022)
Ifdime E > £, then3a, b, c € Z,. and distinct x, y, z € E such that

ax + by = cz.

A\

Theorem (L. and Pramanik 2022)

For any finite set 7o C F, 3E C [0, 1] with dimg E = 1 such that E
contains no nontrivial solution of f = 0, for any f € Fy.

\

@ Y. Liang and M. Pramanik, Fourier dimension and avoidance of linear patterns, Adv. Math.
399 (2022), Paper No. 108252.
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Structural richness of Random fractal

Theorem (L. and Pramanik 2022)

Givenv € N, v >2,letEC[0,1] bea closed set satisfying
dimg(E) > v+1 ;i.e., there exist some 3 >
supported on E and some positive constant C such that

()] < C(1 +1¢)~*°

Then there exists {my, ..., m,} C N satisfying my = >_7_, m;, such
that E contains a nontrivial solution of the equation

Z m;Xj = MyXp-

= +1 , @ probalility measure
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Structural richness of Random fractal

@ Sidon set: Forany {x,y,z,w} C Ewithx <y <z<w,
X—y#Z—W.

@ Keleti construct a compact Sidon set E of [0, 1] with Hausdorff
dimension 1.

@ T. Keleti, A 1-dimensional subset of the reals that intersects each of its translates in at
most a single point, Real Anal. Exchange 24, no. 2 (1998/1999): 843-4.

Theorem (L. and Pramanik)

For any compact set E C [0,1] withdimg(E) > 1/2, E contains a
nontrivial solution of x —y = z — w.

On the other side, there exists a Sidon set E C [0, 1] with

dimg(E) > 4+‘3@ 75 i. e. E contains no nontrivial solution of
X+y=z+w.
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R A= -7 69 o

o A KM% - Fourier 424k
o MEMMIEEM  t=t,b B +b=1,

(/\t, f> =S / f(X1,X2) ,u(t1X1 IF t2X2) d,u(X1)d,u(X2).
[0.1]2

@ KEY STEP: i ¥
FUEt) = (A, £)
= /R3 A(E) () A(2) T (—m — HE, —mp — bE) dE dny dn

#(0,1)% &4
o EBA A &M . 18 A B %Bernstein X F X

P([amri(k) - in(k)| > Q;71%) < 4exp(-Qp7) .
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BHRER

@ P& . BiRkmiZTx c R Mgk, BT REMNZ4E
A c R™M Z2 MM MEy = Ax € R™. Bpf&ak
#supp(x) = s < m< n, REAx = y.

o A . L, HNP-hard 19

x = argmin{||z|p : Az =y}
AL A D AR AL 1] A
x = argmin{||z||y : Az =y}

o M b PR .

1) A EHRG M

2) hth Aikigid

3) s, m,nX A& % £

o Hik. Az, KHKME. ADMM

o M EZMMEMRI. BAWKE . ABEEKE . ALk 8%
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FRER

1) AE iR &4
Tao F AR ERIPE&H: Vs-#H#H & Ex € R,

(1= 0)IxI? < [|Ax]? < (1 + &)1 x|

L 5o < \i@ﬂﬁ: T LG M A AR R B
2) HAEMSE Ak

fm > sIn(N/s) & T i, 28 FEAUAE %8 Koo < %%RIP Ea
o HMEAM . 0y — 0o, by, p <1, IuinlyF
o T . BikMF . p-NSPAM . EFHM=RF F
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R AT 8 B b 3 — i 17 A

o Lty A

1) #EESAG T AAHHEN, REALZMEARATEAHRME. B E
F #Fourier 4% . Nk ¥ &7 X.

2) MAUEM ML T, A — LA Fourier & 1% 69 4 bLit AL,

o #—FHTH

1) EASH P 6 H = 2% (Besovz A) ATl &13 5 95
WAL, I B 46 B s bk B 3% £ 69 L TR,

2) BAAT T % RETATHHT (de ik - @ik) BT ZHYE 5
(e B . AIN) PGP LEEN, T TE%E R EHL
hBRAZ 56 R A
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o IE«];@Z EJ%"(X17}/1)7"‘ 7(Xn7yn)’ ﬁﬂk%“l’%%f)(%y
@ B . f(x)=fokbo---ofy(x), £EFfi(x)=c(AXx+b;),c A—3
&MESE R4, wRelLu®.

@ °]AR .

1) By Bk R 2483, CNN, Transformer3
2) fey kb izE . ZHIRE . RALEEF
3) TR

o Hik. MAETKR®

o ExmA . AAL
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o LHmby ) A

1) Fourier M & A ¥, @IGEor B . PR THIERE FTHKIME
23

2) BEfBTAANA R =R (RKHS) . %@z £

o #t— i) F A

1) MEZIBRAY (e BME) TUAREERZEFTHKZNRE T FHKK
o MM E LT ZX LA 6 %E (WwSobolevit ) » ATE
TR CREE R FRAE , XERBEGIZMAES B

% .
2) BRAEAME T (wFHM) WITAY RBAZEREE (WAH. R
) .

V8 e oA A TLAT S | M 20259124218 20/ 21



Thank you !
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