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The weak and strong elliptic Harnack inequalities

Basically, there are two different types of elliptic Harnack inequality.
One is the weak Harnack inequality, and the other is the strong Harnack
inequality. It turns out that they are equivalent to each other when the
Dirichlet form is strongly local, where both the jump measure and the
killing measure vanish.

However, the situation is quite different for the non-local DF, where the
jump measure does not vanish. In fact, they cannot be equivalent in

general. Of course, we always have
strong = weak,

but the converse may not be true.
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Main results: For any regular resurrected Dirichlet form, assume that
(VD), (RVD) hold

(1). Then
(UE) + (LLE) & (WEH) + (E) + (J<).

(2). If further (UJS) holds, then

(UE) + (LLE) & (sEH) + (E) + (J<).

(3). If (PI), (Gceap), (J<) are all satisfied, then
(UIS) & (GI)
(this equivalence is trivial when the DF is strongly local as
J=0).

(We will state what are these conditions.)
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Our results: if condition (UJS) holds, then

(UE) + (LLE) & (wEH)+ (E)+ (J<)
& (sEH) + (E) + (Jo).
@ If the DF is strongly local (J = 0), the above equivalences become
(UE) + (LLE) < (wEH)+ (E)
& (sEH) + (E).

This conclusion was already obtained by Grigor'yan-Hu-Lau (2015,
from Corollary 7.3 to Theorem 7.8). In fact, we obtained

weak Harnack (wEH) < (sEH) strong Harnack

for a strongly local DF when the measure satisfies the doubling
condition, nothing else is required.
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Classical elliptic Harnack inequality

Our motivation

In 1961, Moser proved that, for any non-negative, harmonic function u in

any ball B (with respect to the symmetric, uniformly elliptic divergence-form

operator, which corresponds to a strongly local Dirichlet form in L2(dx))
supu < Ci1nfu. (1)
1B 2B

The importance is that the constant C > 1 here is universal in the sense

that it is independent not only of function u, but also of ball B. This

inequality says that any non-negative harmonic function in a ball is nearly

constant around the center. (There are 435 citations for this paper in

Mathscinet.)

Nowadays, this inequality is called the elliptic Harnack inequality.
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is harmonic in B

The oscillation of harmonic function around the center is small.

Since the celebrated work by Moser, there has been a lot of work
devoted in this direction. Here we are only concerned with equivalence
conditions for the heat kernel estimate involving Harnack inequality.
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Heat kernel and Harnack inequality

In this direction,

@ Grigor'yan-Telcs (2002) proved the following equivalence: for a
random walk on an infinite, connected, locally finite graph ( with a
uniformly bounded number of edges)

(UEg) + (LEg) & (VD) + (H) + (E).

condition (UEg): pn(x,y) < W exp (—c( -
condition (LEg): foralln>d(x,y) v 1,

pn(X,y) +pnr1(x,y) = W exp (—C( e
condition (E): Ex(tg(x,g)) = ¥, where
Tg(x,R) := Min{n > 0 : X, ¢ B(x, R)} is the first exit time.
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Heat kernel and Harnack inequality

We generalize this result to the metric space.

@ Grigor'yan-Hu (2014, Canadian JM) proved the following equivalence:
for a strongly local Dirichlet form

(UEexp) + (NLE) & (H) + (E)

if the measure is a-regular.

B/ (1)
% condition (UEe): pi(X,y) < tf/ﬁ exp (—c(dgf/[{)) )

*

condition (NLE): p;(x, y) > 75 whenever d(x, y) < st'/~.
% condition (E): ||GB1||.~ < Crf and einfsg GB1 > C~'r for any ball B
of radius r, where GB1 = fow P;1 dt is the mean exit time from ball B.
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Question: What happens when the DF is non-local on a metric
space?

This is the very issue we are going to address in this talk. Note that
the above classical Harnack inequality

supu < Cinfu
1B 3B

no longer holds for non-local DF, since the jump part also plays a role.

@ How does the jump kernel play a role in the strong Harnack
inequality?
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Weak elliptic Harnack inequality

The weak elliptic Harnack inequality:

1/p
(JC uPdu) < C(e’ianfqu W(Bf)TiBR,BR(“—))

for any two concentric balls B, ¢ Bg and any non-negative harmonic

function u in Br, where

Tsp, B, (U-) = esup u-(y)J(x,y)du(y)
xe2Bg YM\Bg

for a constant 0 < p < 1 and
0<R<oR, 0<r<6R,

with a localized parameter R € (0, o] (possibly R = o).
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Weak elliptic Harnack inequality (continued)

The weak Harnack inequality says that the average of a powered
function uP of u for some p € (0, 1) over a smaller ball B, can be controlled
by its infimum + the product of the scaling funciton with a tail of the
negative part u_ of function u outside a bigger ball Bg.

Br

u>0
wu is harmonic

Br

1/p
1 » .
[ﬂ(B,)Ig u d/l] <C {mer u+W(B, )TB,}WBR (u,)}
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The weak elliptic Harnack inequality

1/p
(JC updﬂ) < C(e’ianu—k W(Br)TEBR,BR(“—))- @)

@ If the Dirichlet form is strongly local, then the weak elliptic Harnack
inequality becomes simpler

1/p
( f updy) <C elignf u (weak Harnack)

Since T%BF%BH(U_) = 0-
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Strong elliptic Harnack inequality

The strong elliptic Harnack inequality

esup u < C(einfu+ W(B)Tsp. g.(u-)], (sEH)
B, B, 1 PR,OR
that is, the left term in (2) is replaced by the supremum.

Br

u>0
u 18 harmonic

r

esup, u < C{einfB u+ W(BY)TB & (u)}
r iR> TR
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Clearly,
(sEH) = (WEH),

1/p
(JC upd,u) < esup u.
r By

The converse may not be true, even the basic conditions (PI), (TJ)

since it is clear that

and (E) (thus condition (Gcap) also holds), see Example 5.4 by
Chen-Kumagai-Wang(E &) (2020, JEMS).
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Framework (doubling space)

Our framework.
@ (M, d, u): a doubling space.

that is, (M, d) is a locally compact, separable metric space, and u is a
Radon measure (locally finite, inner regular) with full support (u(Q2) > 0 for
any open Q) # (), which satisfies the doubling condition :

V(x,2r) < CV(x,r) forall xin Mand r > 0,
where V(x, r) := u(B(x,r)) and B(x, r) is an open metric ball.

The fractal is the desired model of the metric space in mind.
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Von Koch curve (1904)

Start with a unit line, divide the line segment into three parts of equal
length, replace the middle part with an equilateral triangle but removing
the base, and for the four remaining segments, repeat the same
procedure. Do this again and again, the limit is the Von-Koch curve.
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Snowflake

Helge von Koch
(1870-1924), Sweden
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Mathematical functions for Koch curve

Let

f1 (Z) = CE,

f(z) = (1-c¢)z+c,

where ¢ = 15 + %i, and z is the conjugate of z. It turns out that the Koch
curve K is uniquely determined by

K = f1(K) U fg(K)

The Koch curve is called a fractal, or a self-similar set. The functions
{f1, f2} is called the iterated function systems (IFS).
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Hata’s tree

If we keep fi the same expression but change the function £ to be
fo(z) = (1-1cP)Z + IcF,
and ¢ = 0.4 4 0.3i. Imagine what happens?
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Lévy curve, 1906

fi(z) =cz, fa(z) =(1-c)z+c,where c = 0.5+ 0.5I.

08f
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02fF

021
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Paul Pierre Lévy
(1886-1971),

France
The Lévy curve is also a fractal.

-05 a 05 1 15
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Sierpinski gasket, 1915

fi(z) = (z+px) fork =1,2,3.

W. F. Sierpinski
(1882-1969),
Poland
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Sierpinski Carpet, 1916

fi(z) = 3(z+2py) for 1 <k <8.

W. F. Sierpinski
(1882-1969),
Poland
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(Hutchinson, 1981). Let each f; be a contraction on a complete metric
space M. Then there exists a uniqgue non-empty compact set K ¢ M
such that

fi(K).

=X
I
=

i=1

The set K called a self-similar set, or an invariant set, with respect to

{f,-},(\’:1 which is an iterated function system (IFS).
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More examples: Fern 1

The fern can be generated by four simple functions.
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More examples: tree 1

The tree can be generated by six simple functions.
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More examples: tree 2

The tree can be generated by five simple functions.
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Tree-3

The following tree is generated by the L-system.
n=1
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Framework (reverse volume doubling condition)

The measure u also satisfies the following condition.

@ The reverse volume doubling condition (RVD): There exist two
positive constants C > 1 and dy such that for all x € M and
0<r<R<R

Y oo (3
r

Known: if (M, d) is connected and unbounded, then
(VD) = (RVD),

see for example Grigor'yan-Hu (2014, Moscow JM).
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Framework (the scaling function)

@ The scaling function W(x, r). The function W(x, -) is continuous,
strictly increasing, W(x, O) = 0, for any fixed x in M, and there exist
positive constants Cy, C2 and 8, > 84 such thatforall0 < r < R < o0
and all x, y € Mwith d(x,y) <R,

o[of <e el

@ For example, W(x, r) = r? for g > 0.
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Heat kernel

The function {p;};~0 (in three variables) is called a heat kernel, if

e symmetric: p;(x,y) = pt(y, X);
e Markovian: p;(x,y) > 0, and

fMpt(x,y)du(y) <t

e semigroup property:

Pres(x,y) = fM pi(x, 2)ps (2, y)du(2);

e identity approximation:
||Pif—flp > 0ast—0

where Pif(x) = [, pi(x, y)f(y)du(y).
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Dirichlet form

@ A Dirichlet form (&, F) in L2(M, u) is a closed, Markovian,
symmetric form (that is bilinear, symmetric, non-negative definite with
a densely defined domain)
e regular: Co(M) N F is dense in both # and in Cy(M).
e local: &(f,g) = 0 for any f, g € ¥ with disjoint compact
supports.
e strongly local: &(f, g) = 0 for any f, g € ¥ with compact
supports and f being constant in a neighborhood of
supp(g)-

@ M. Fukushima and Y. Oshima and M. Takeda: Dirichlet forms and

symmetric Markov processes, 2011, 2nd.
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Example 1 (strongly local DF)

@ The Gauss-Weierstrass function

pr(x.y) = —lX_HZ)

ex

(4rt)"? p( 4t
is a heat kernel (or a transition density of BM), which is the
fundamental solution of the classical heat equation

oiu—Au=0 in R".

@ The corresponding Dirichlet form (local) in L?

&(f,g) = fn Vf(x)-Vg(x)dx = (-Af,g) .
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Example 2 (non-local DF)

@ The Cauchy-Poisson function

t2
with C, = F(%) /n("t1)/2 s also a heat kernel, which is a

fundamental solution of the equation with fractional Laplacian

Ix — yI?
pilxy) = 2 (1+ y)
ow+ (-A)'"2u=0 in R".

@ The corresponding Dirichlet form (non-IocaI) in L2

) (g(x) -g(y))
fw fR Ix y|n+1 dyax
_ ((—A)1/2f, g) )
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Framework (regular resurrected DF)

@ (& F): aregular resurrected DF in L2(M, u):

E(u,u) =&Y (u,u) ffMXM (¥))2dj(x, y).

The name ‘resurrected’ was introduced by Fukushima-Oshima-
Takeda on p. 186 in the book (2011).

@ In this talk, note that the jump kernel J always exists so that
dj(x,y) = J(x, y)du(x)du(y).

(If dj = 0 then & = &) is strongly local).
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Condition (Gcap)

Generalized capacity condition (Gcap):

@ There exists a constant C > 0 such that, for any u e ¥’ n L™ (where
¥’ = ¥ + const) and for any two concentric balls Br, Bg..,

1
&(UPp, ) < C sup f u?du,
( ) XeBRyr W(X' r) Bryr

where ¢ € cutoff(Br, Ba./).

Note that here C is universal that is independent of balls Bg, B,

and functions u, ¢.
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The cutoff function

The cutoff function

0<p<l mM, peF
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The Poincaré inequality

The Poincaré inequality (PI):

@ There exist two constants x > 1, C > 0 such that for any metric ball
B:=B(xo,r)with0O<r<R/xkandany ue ¥’ NL>,

f(U—UB)zd/J < Cw(B){f ar V) uy
B kB

+ [ (u(x) - uly))3dj(x, y)} ,

(kB)x(xB)

where ug is the average of the function u over B

1
ug = —— ud, ::fud
? #(B)fB H B H
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Stable-like upper estimate of heat kernel

@ Condition (UE): if there exists a pointwise heat kernel p;(x, y) on
(0, ) x M x M such that, for any x, y € M and any
0<t<W(x,R)AW(y R),

1 t
pe(x,y) < C(V(x, W x 1) Vxy)Wix, y))

with some positive constant C independent of t, x, y, where

=
>

=
I

V(x,d(x,y)),
W(x,d(x,y)).

<
=
>
<
N—

I
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Stable-like upper estimate

@ For example, if the metric space is unbounded with R = oo and
V(x,r) =r" and W(x,r)=r® (0<a,p< ),
then condition (UE) reads

1 N t 1 N d(x,y) ~(ath)
te/B " d(x,y)e+B "~ ta/p t1/8

pi(x,y) 3

forall t > 0 and all points x, y in M.

Jiaxin Hu (Tsinghua University) Strong Harnack inequality March 2024



Localized lower estimate (LLE)

@ Condition (LLE): if the following two properties are satisfied:

@ for any bounded open set Q2 ¢ M, the Dirichlet heat kernel p(x, y)
exists;

© there exist C > 0 and ¢ € (0, 1) such that, for any ball B := B(xo, R)
with R € (0,R) and any 0 < t < W(xo, €R),

C—1
V(Xo, w-1 (Xo, t))

pE(x,y) >

for u-almost all x, y in B(xp, ew™" (x0.1)).
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@ For example, if
V(x,r)=r" and W(x,r)=r® (0<a,B < ),

then condition (LLE) reads

]
B
Pr(xY) 2

for p-almost all points x, y in eéBr, whenever 0 < t < eRP.

¢

C
P,B(X,y)zl,,—/,,
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Mean exit time estimate

@ Condition (E): if there exist two constants C > 1 and o € (0, 1) such
that for any ball B c M with radius less than oR,

1GB1]| Cw(B),

einfGB1 > C'w(B)
6B

IA

where GB1 ::fPtB1dt, which satisfies that
0

&E(GB1,0) = Ltpd,u for any ¢ € 7 (B).

Here {PP}.0 is the heat semigroup associated with (&, 7 (B)).

Jiaxin Hu (Tsinghua University) Strong Harnack inequality March 2024



@ For example, if
W(x,r) =r® (0 <8< ),

then condition (E) is indicated in the following picture

Br
G®1<CR”?

G1>cR!
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Upper bound of jump kernel

@ Condition (J.): if the jump kernel J(x, y) exists on M x M, and there
exists a positive constant C such that for u x u-almost all points
(x,y) € Mx M\ diag ,

C

Y S Wiy

Recall that

V(x,y) = V(x,d(x,y)) and W(x,y):= W(x,d(x,y)).

Jiaxin Hu (Tsinghua University) Strong Harnack inequality March 2024



Theorem (Yu-H, 2023)

Let (&, F) be a regular resurrected Dirichlet form in L2 and let
R = diam(M). If conditions (VD), (RVD) hold, then

(UE) + (LLE) & (WEH) + (E) + (J<).

We use the fact that

@ (UE) + (LLE) & (PI) + (Gcap) + (J<) by Grigor'yan-Hu-H
(Theorem 2.20, 2023, to appear in Lau’s volume).
The key argument

@ (PI) + (Geap) + (TJ) = (wWEH) by H-Yu (Theorem 1.8, 2023, to
appear in Lau’s volume). A similar conclusion was obtained by

Chen-Kumagai-Wang (2019) under the stronger assumptions.
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Condition (UJS)

We further look at the equivalence condition for the heat kernel
estimate involving the strong elliptic Harnack inequality. To do this, we
need condition (UJS).

@ condition (UJS) (meaning the upper jumping smoothness for the
jump kernel): if the jump kernel J(x, y) exists on M x M and satisfies
that, for any 0 < R < oR and for u x u-almost all points (x, y) in
M x M with d(x,y) > 2R,

Jx,y)<C f oy S22

with some two positive constants C and o € (0, 1) independent of
x,y,R.
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Condition (UJS) says that the value of the function J(-, y) at a point x
is bounded from above by its average over a ball around this point, which
reflects a certain degree of homogeneity of the function J(-, y).

Bon

Br

J(xy)<C [ Jyduz)

1
HBOLR) 52 5

This condition was introduced by Barlow-Bass-Kumagai (2009, Math Z.).
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@ J = 0 (strongly local DF). Condition (UJS) is trivially satisfied.
@ Condition (UJS) is satisfied for

1
) =y
in IR", since for any point y with |y — x| > 2R and any point z in

B(x, R),
3
Iz—yISIZ—x|+|x—y|sR+Ix—y|sElx—yl,

which gives that
1

J(z,y)dz = f ——dz
Ji(x,ﬁ’) (2.y) B(x.R) 12— yI"F

—(n+B) —(n+B)
3 3

\Y
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@ Condition (UJS) fails. Let J(x, y) be defined in R" by

1 1p(x,y)
J(x,y) =
) = oy ey
where 1 << 2and 1< 6<p,andthe set D c R" xR" is the

disjoint union of {D;}> ,: D := US>, D; with

Di={(x,y) eR"xR":2 -1 < |x —y| <2/ 41}.
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Condition (UJS) fails for any point (x, y) indiacted in the picture,
since J(x,y) < Cy fB(x r) J(2,y)dz fails when R (22 -1 212 4 1] for
large i.

The gap between D, and D, is 2' -2
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However, in this example, the following basic conditions

(T3), (P1), (Geap)

and condition
(WEH)

are all satisfied for a regular Dirichlet form in L2(IR", dx) with the jump
kernel J(x, y) defined by (3), where the scaling function

W(x,r)=rP.
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Theorem (Hu-Yu, 2023)
Let (&, F) be a regular resurrected Dirichlet form in L? and let
R = diam(M). If conditions (VD), (RVD), (UJS) are all satisfied, then

(UE) + (LLE) & (PI)+ (Gceap) + (J<)
& (wEH) + (E) + (J<)
& (sEH) + (E) + (J<).

In particular, if the DF is strongly local, that is, J = 0, then

(UE) + (LLE) & (PI)+ (Gcap)
& (wEH) + (E)
& (sEH) + (E),

see Grigor'yan-Hu-Lau (2015).
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The key argument: if (VD), (Gceap) and (FK) are all satisfied, then
(WEH) + (J<) + (UJS) = (sEH) (H-Yu, 2023).

We remark that Chen-Kumagai-Wang (Theorem 1.11 (i), 2019) proved
that if (VD), (CSJ) and (FK) are all satisfied, then

(wEH) + (J<) + (J>) = (sEH).
Our result here is sharper in the sense that
(<) + (=) = (UIS),

and there is an example that condition (UJS) is true but (J5) fails.
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Consequently, if conditions (VD) and (RVD) are satisfied, then

(Geap) + (PI) + (J<) + (UJS) = (sEH) (H-Yu, 2023). (4)

Note that condition (UJS) is used to show the so-called condition
(TE), as we will see below.
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Assertion (H.-Yu,2023). Assume that (&, ) is a regular resurrected
Dirichlet form in L2. If conditions (VD), (Cap..) are satisfied, then

(TI) + (UIS) = (TE). (5)

This is the very place we have used (UJS)!
Condition (TE): there exist three positive constants C, ¢y and
o € (0, 1) such that, for any two concentric balls Bg = B(xo, R),
Brir =B(xo,R+r)with0O<R<R+r< oR, for any globally
nhon-negative function u € ¥’ N L* that is superharmonic in Bg., with

esupg,,, U > 0, we have

T8g,Bg., (U) = esup u(y)J(x, dy) <

[0}
xeBr BRH

esup u.
Br+r

C R+ r\“
r
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The importance of this inequality lies in the property that the
supremum of a superharmonic function u over the ball Bg., (instead of

over its complement B , ) can control the tail Tgg g, (U).

Bprr

] ) u>0
u 18 superharmonic

Br

TBB

R>VR+r

(1) 1s bounded by esup, u
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Using (TE), together with (FK), (Gcap), (TJ), we have the following
mean-value inequality (MV):
esup u < C[é‘e(f uzd;z)”2 +desupu
1Bq Br Br
for any 6 € (0, 1] and any globally non-negative function u € #' N L*
that is harmonic in any ball Br := B(xo, R) with 0 < R < oR.
We emphasize that the constants C, 6, o are independent of number

0, ball Bgr, function u.

u is harmonic

172
Juzdy] +5esupxxu}

By
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After that, we need to show the following implications
(MV) + (WEH) = (EHI),
(FK) + (J<) + (EHI) = (sEH),
which finishes the proof.m

@ condition (EHI): for any globally non-negative function
u e ¥’ NL> thatis harmonic in Bg, we have esupg u < C einfg, u for
any0<r <8R <R <oR.

u 1s harmonic

Br

esup, u < C einfy u

Jiaxin Hu (Tsinghua University) Strong Harnack inequality March 2024



We are looking for an equivalent condition for (UJS). For this, we
introduce (GJ>).

@ We say that condition (GJ ) holds if there exist three constants
C>0and s, oin (0,1) such that, for any 0 < R < oR and for
u x p-almost all points (x, y) in M x M with d(x, y) > 2R,

J(x,y) < einf GBy,, (6)

C
w(B)
where B := B(x, R) and J;(x) := J(x, z). Here for an open set ),
the G is the Green operator G, which is the inverse of the
generator of the form (&, ¥ (Q2)).
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Condition (GJ>)
2B

B=B(z,R)

1

J(x,y)<C 7B

einf ¢°/,
OB

One may compare two inequalities:

J(x,y) s JgJ(',y)dﬂ condition (UJS)

2

J(x,y) < ﬁeéigf GPJ, condition (GJ.).

Jiaxin Hu (Tsinghua University) Strong Harnack inequality March 2024



Proposition. Let (&, ) be a regular Dirichlet form in L2. If condition
(VD) holds, then
(E<) + (GJx) = (UIS). ()

Proof. Let 0 < R < oR and B := B(x, R), d(x, y) = 2R.
Step 1. By (E<), we know that

oGy (2) = o [ GR2)au(z)

IA

@”GBWHU(B)

%llGB1B||L°°||Jy||L1(B)

w(B)
B)
)

IA

A

(6 ——IyllLi(g) (using (E<))

w(B Ji J(z,y)du(2).

A
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Step 2. By (GJs), we know that

Jix,y) = ﬁeéigf GBy,
< ﬁ{ww) f J<z,y>du<z>}
< fI@yd)

thus showing condition (UJS). m

The opposite implication from condition (UJS) to condition (GJs ) is

more complicated and is needed more assumptions, as we will see below.
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Theorem (H.-Yu, 2023)
Let (&, F) be a regular resurrected Dirichlet form in L. If the basic

conditions (VD), (RVD), (PI), (Gcap), as well as condition (J<), are all
satisfied, then

(UJS) & (GJs).

The key steps:

Step 1. (E<) + (GJs) = (UJS) by using (7) (easy!).
Step 2. (Geap) + (P1) + (J<) + (UIS) = (GJs) (hard!).
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In summary, the key implications in this talk are indicated in red
color

LLE by (3.9)

by (3.4)

[+Gcap

E——

by (3.14)

by (2.29)

sEH

The end of talk.
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